
Triangulation
“Norges Geografiske Oppmåling” (NGO) was 
established in 1773 by the military officer Hein-
rich Wilhelm von Huth with the purpose of meas-
uring Norway in order to draw precise and use-
ful maps. Six years later they started the rather 
elaborate triangulation task.  When triangulating 
a piece of land you have to pick reference points 
and compute their coordinates relative to near-

Die Hauptvermutung der kombinatorischen Topolo-
gie (Steiniz, Tietze; 1908)

Die Hauptvermutung (The main Conjecture) of combinatorial topology (now: algebraic 
topology) was published in 1908 by the German mathematician Ernst Steiniz and the 
Austrian mathematician Heinrich Tietze. The conjecture states that given two trian-
gulations of the same space, there is always possible to find a common refinement. The 
conjecture was proved in dimension 2 by Tibor Radó in the 1920s and in dimension 3 
by Edwin E. Moise in the 1950s. The conjecture was disproved in dimension greater or 
equal to 6 by John Milnor in 1961.

by points. Next you chose a bunch of connecting 
lines, edges, between the reference points in order 
to obtain a tiangular web. The choices of refer-
ence points and edges are done in order to ob-
tain triangles where the curvature of the interior 
landscape is neglectable. Thus, if the landscape is 
hilly, the reference points have to be chosen rath-
er dense, while flat farmland doesn´t need many 
points. In this way it is possible to give a rather 
accurate description of the whole landscape. The 
recipe of triangulation can be used for arbitrary 
surfaces. By the process we obtain a piecewise 
linearisation (PL) of the surface. The advantage 
of the PL model is its simplicity, combinatorial 
and computational. At the same time the essential 
properties of the surface are maintained.

Refinements of triangulations
In the Hauptvermutung the concept of refine-
ment of a triangulation is crucial. A refinement of 
a triangulation is obtained when introducing ad-
ditional reference points and edges, refining the 
existing triangular web. The refinement is not 
unique. In fact there are infinitely many choices 
of reference points and a finite number of possible 
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choices of edges to create a triangular web. The 
Hauptvermutung tells us that for any two original 
triangulations of a space, we can always find a 
common refinement. 
For plane domains the refinement procedure can  
be easily described. The two traingulations are 
overlayed, with all reference points and edges 
of  both triangulations as the new skeleton. It is 
possible that two edges meet in a non-reference 
point. We then introduce a new reference point 
in the intersection. It is also possible that this 
configuration includes polygons with more than 
three edges. In that case we introduce enough 
new points and edges to maintain the triangular 
structure. 
It is important to notice that the Hauptvermu-
tung concerns any pair of triangulations of a giv-
en space. Thus, to disprove the conjecture, one 
counterexample is all we need. In 1961 Milnor 
gave such a counterexample. 
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Two triangulations of a rectangle 
and their common refinement

Milnors teorem 
Let Lq denote the 3-dimensional lens manifold of 
type (7, q), suitably triangulated, and let ∆n denote 
an n-simplex. A finite simplicial complex Xq is 
obtained from the product Lq × ∆n by adjoining a 
cone over the boundary Lq × ∂∆n. The dimension 
of Xq is n+3. 
Theorem 1. For n+3 ≥ 6 the complex X1 is homeo-
morphic to X2.

Theorem 2. No finite cell subdivisions of the sim-
plicial complex X1 is isomorphic to a cell subdivi-
sion of X2.
The theorem gives a counterexample to the 
Hauptvermutung of combinatorial topology.


