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J.W.Milnor: On the total Curvature of Knots

Annals of Mathematics, Vol 52, no 2 (1950)

In October 1949 John Milnor got the message that his first paper was accepted for pub-
lication in an international journal. At that time he was only 18 years old. The paper was
about “knot geometry”. The German mathematician Werner Fenchel, at the University
of Copenhagen, showed in 1929 that the total curvature of a closed space curve always
exceeds 27t. The result was generalised to arbitrary dimensions by the polish mathemati-
cian Karol Borsuk in 1949. The theorem of Milnor combines Fenchel-Borsuk and knot
theory, and states that for a non-trivial knot, the total curvature exceeds 4, i.e. at least
two rotations. The theorem was proven indepently, but almost simultanously, by the hun-
garian mathematician Istvan Fary. This is the reason for the name Fary-Milnor’s theo-

rem.

Knot theory
Knot theory is a subfield of mathematics aiming
to describe all knots. The definition of a knot is

a closed curve in

space, 1.6 no open h
ends. We can illus-

trate knots by pla- ﬁ_ k /3‘__ —
nar sketches, where _

each crossing has a L—/\}R_ _ )
prescribed way of \ #\/

telling which branch
is above and which
is beneath.

Two knots are said to be equivalent if we can
transform one into the other by pulling and push-
ing branches of the rope, but not cutting or glu-
ing.

An example of a knot

The simplest of all knots
is the circle. It is often
called an unknot since it
i1s mathematically a knot,
but normally not viewed
as a knot. The illustration
gives two versions of an

unknot, the left one is obviously an unknot, and
the right one can be transformed into the circle in
an admissible way.

Curvature of space curves

Milnor’s first paper is about curvature of knots.
The curvature of a curve is a function on the
curve, where we to each point of the curve give a
number, the curvature of the curve in that point.
A straight line has curvature O in all points, and
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a circle has constant curvature equal to 1 divided
by the radius. Thus a smaller circle has greater
curvature and vice versa. The total curvature is
obtained by adding the curvature in all points of
the curve. For a circle, of constant curvature, the
total curvature is the circumference multiplied by
the constant curva-
ture,
(1/R)* 2mR= 21
This fits perfect
with the result of
Fenchel from 1929,
which claims that
the total curvature
for a closed curve
is at least 2m, and
equality holds for
plane, convex curves.

Fary-Milnor’s theorem

Milnor’s result from 1949 is known as the Féry-
Milnor theorem. The reason for the double name
is that the Hungarian mathematician Istvan Fary
independently and at the same time also proved
the result.

The Fary-Milnor theorem claims that if a knot is
not an unknot, the total curvature has to exceed
47, i.e. the rope must be turned at least two times
around to produce a non-trivial knot. The simplest
non-trivial knot is the trefoil knot (see illustration
above). By inspection it is easy to accept that this
knot has total curvature at least 4. Disregarding
the parts of the curve where it crosses itself, the
plane projection of the knot will have total cur-
vature 4. In the crossing, where one branch has
to be lifted, there has to be some curvature in the
direction out of the paper. Adding up we get a bit
more than 4.

Notice also that the Fary-Milnor theorem only
gives an implication one way; if the knot is an
unknot, the curvature exceeds 4. But the oppo-
site statement is not true. As illustrated in the next
figure, there are unknots of total curvature much
greater than 4.

The proof of Milnor’s theorem for curvature of
knots does not involve very hard mathematics, but

it is rather elegant. The mathematics community
was a bit surprised that a youth of age 18 could
prove such a theorem. Also, the paper showed
much maturity. The mathematics community had
discovered a great mathematical talent.
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Thee daial runuthr | §%(e) | i of n closed curve O of class ©, & guantity
B
which measares the total tuming of the tasgent vecior, was stsdied by W.
Fenchel, who proved, im 1024, that, in three dimensionsl space, -||' i de &
a

2, exquality holding only for plane convex curves. K. Borsuk, in 147, extended
this rsult 1o & disnensions] spaee, and, in the same paper, conjectared that the
tofal curvatgre of & ksol in thoee dimessions] sgooe must exoeed dr. A prool
of thim conjecture i= presmnisd below,!

In proving thds proposition, ase will be made of & definition, suggested by B H.
Fox, of tolal curvature which is applieshle 1o anp closed eurve. This genersl
definition &= validated by showisg that the generalized total marvature ofC) s

equal to ]|' i) | da for sny closed curve O of class (. Furthormare, the
.

thearem of Fenchel and Horask is troe for asy clossd csrve, if the new definizion
of total curvatare is used

Closely related to the concept of total curvatare is & new invarient o), the
croskedness of the wstepy type § of closed surves. This is either & positive in-
toger or =, aocondisg as the type & is or is sol represented by & polyges. In
terms of the concept of crookedness it is possible to provide an allernative
formuslition of the genembissd tofal surveture &8 8 Lebesgue imtegrl over sn
(m — 1} dimemsional sphere, The crookedesss o(8) of & type § of simple chossd
eurves is rommected with the total curvatumes of its representative curves © by
ihe Nandamental relation 2eulf) = glb. o). Genenlly speaking ihis lower
i B Bl albained.

In the course of the pager srvernl intersting incidental results are obisined :
if the total curvature of B simple closed carve is finkte, thes thero is an Eeerbed
palygon egualvalent 1o i by Eopy, and also if the carve i knotted there must
be n plane whi 8 loasl sy puodmils,

1 sm i r mubedamlisl peistasee in A ireparation of

ihis paper.

ch inkorsecis i i
i ta i, H. Fox

1. The Total Carvatuss of & Clessd Polygon

By n olosed polpgon F* im Euclidean n-space B°, m & 1, will be moant & fnite
woguemen of polmis 4 | & a5 e = By, of which s Pequired only Uhal
P lines the sompleiion of ikls paper, iheew has sppenred wn lndependant jrosl, by 1
Firy, Vst Ul m.-..qu B ek | de 2 dw halils for ol kissis |
LT




