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Autobiography

Sir Michael Atiyah

I was born in London on 22nd April 1929, but in fact I lived most of my childhood in
the Middle East. My father was Lebanese but he had an English education, culmi-
nating in three years at Oxford University where he met my mother, who came from
a Scottish family. Both my parents were from middle class professional families,
one grandfather being a minister of the church in Yorkshire and the other a doctor
in Khartoum.

My father worked as a civil servant in Khartoum until 1945 when we all moved
permanently to England and my father became an author and was involved in rep-
resenting the Palestinian cause. During the war, after elementary schooling in Khar-
toum, I went to Victoria College in Cairo and (subsequently) Alexandria. This was
an English boarding school with a very cosmopolitan population. I remember prid-
ing myself on being able to count to 10 in a dozen different languages, a knowledge
acquired from my fellow students.

At Victoria College I got a good basic education but had to adapt to being two
years younger than most others in my class. I survived by helping bigger boys with
their homework and so was protected by them from the inevitable bullying of a
boarding school.

In my final year, at the age of 15, I focused on mathematics and chemistry but my
attraction to colourful experiments in the laboratory in due course was subdued by
the large tomes which we were expected to study. I found memorizing large bodies
of factual information very boring and so I gravitated towards mathematics where
only principles and basic ideas matter. From this point on it seemed clear that my
future lay in mathematics.

There were vague allusions to some of my older Lebanese relatives having shown
mathematical talent and one of my maternal uncles had been a brilliant classical
scholar, ending up as a Fellow of an Oxford college. Classics and mathematics were
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Aged 2, known as
“the abbott”

the two traditional subject studied by serious scholars in England in former years, so
I may have inherited some mathematical potential from both sides of my family. My
younger brother Patrick became a distinguished law professor and there is a clear
affinity between the legal and mathematical minds, both requiring the ability to think
clearly and precisely according to prescribed rules. One of my mathematical con-
temporaries, and a close friend, demonstrated this by entering the legal profession
and ending up as Lord Chancellor of England.

In England I completed my school education by being sent to Manchester Gram-
mar School (MGS), widely regarded as the leading school for mathematics in the
country. Here I found that I had to work very hard to keep up with the class and the
competition was stiff. We had an old-fashioned but inspiring teacher who had grad-
uated from Oxford in 1912 and from him I acquired a love of projective geometry,
with its elegant synthetic proofs, which has never left me. I became, and remained,
primarily a geometer though that word has been reinterpreted in different ways at
different levels. I was also introduced to Hamilton’s work on quarternions, whose
beauty fascinated me, and still does. I have been delighted in the way that quar-
ternions have enjoyed a new lease of life in recent years, underlying many exciting
developments.

At MGS the mathematics class, a small and highly selected group, were all
trained for the Cambridge scholarship examinations. In due course all the class
went on to Cambridge except for one who went instead to Oxford. The students
were steered to different colleges, depending on their abilities, and I was one of
the top three sent to Trinity College, home of Isaac Newton, James Clerk Maxwell,
Bertrand Russell and other famous names.

Having got my Trinity scholarship in 1947 I had the choice of going straight to
Cambridge or of postponing my entry until I had done my two-year stint of National
Service. I chose the latter for the vague idealistic reason that I should do my duty
and not try to escape it (as many of my contemporaries did) by running away to
university with the hope of indefinite postponement of military service. One should
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remember that this was just two years after the end of the war and my age group
was one of the first to have escaped the harsh reality of war-time service.

In fact my military career was something of an anti-climax. I served as a clerical
officer in a very routine headquarters. There were some advantages—I kept myself
physically fit and even cycled home every weekend. I met a wide cross-section of
humanity at a formative stage of my life and I was removed from the competitive
hot-house atmosphere of mathematical competition. In my spare time I read mathe-
matics for my own enjoyment—I remember enjoying Hardy and Wright’s book on
Number Theory and I even read a few articles in the Encyclopaedia where I first
encountered the ideas of group theory.

The normal length of National Service at the time was two years but my tutor
at Cambridge managed to persuade the authorities that I should be allowed out a
few months early to attend the “Long-Vacation Term”. This was the period in the
summer when those with extensive practical work, such as engineers, came up for
additional courses. There was no requirement for mathematics students to spend the
summer in Cambridge, but scholars of the college could opt to do so at little cost,
and I remember that period as quite idyllic. I enjoyed the beauty of Cambridge,
played tennis and studied on my own at a leisurely pace. It all helped make the
readjustment to civilian life smooth and pleasant and it gave me a head start when
the academic year began in earnest.

Trinity, because of its reputation, attracted a large number of exceptionally tal-
ented mathematics students. The competition among us was friendly but fierce and
it was not clear until the end of the final year where one stood in the pecking order
and what ones chances of a professional mathematical career would be. In fact I
came top of the whole university in the crucial examination and this gave me the
confidence to plan ahead.

By the time I started in Cambridge in 1949 I was 20. Instead of being two years
younger than others I was two years older (although many others had also done
National Service). The additional maturity was an advantage, even if I seemed to
have lost two valuable years.

After my first degree I had to make a crucial choice in picking my research su-
pervisor. Here I made the right decision, opting for Sir William Hodge as the most
famous mathematics professor in the field of geometry. He it was who steered me
into the area between algebraic and differential geometry where he had himself
made his name with his famous theory of “Harmonic Integrals”. Although the war
had interfered with his career he was still in touch with new developments and he
also had wide international contacts.

When I started research the geometrical world was undergoing a revolution based
on the theory of sheaves and the topological underpinning of the theory of charac-
teristic classes. Here the leading lights were the young post-war generation, just a
few years older than me. Jean-Pierre Serre and Friedrich Hirzebruch were two of
these whose influence on me was decisive, and I also met them very early.

My thesis grew out of this area and my own background in classical projective
geometry. There were two parts, one dealing with vector bundles on algebraic curves
(which later became a very popular topic) and the other, jointly with Hodge, on
“Integrals of the Second Kind”. This was a modern treatment of an old subject.
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My thesis in 1954 earned me one of the highly-sought Research Fellowships at
Trinity, which are safe predictors of future academic success. By this time I needed
larger horizons and with Hodge’s help and encouragement I got a Fellowship to
go to the Institute for Advanced Study in Princeton. This I did in 1955 just after

Graduation, 1952, with friends. From left to right: James Mackay Lord Chancellor, MFA, Ian
Macdonald FRS mathematician, John Polkinghorne FRS physicist and theologian, John Aitcheson
professor of statistics

Trinity Fellowship, 1954
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Wedding, 1955

marrying Lily Brown, a fellow student, who had come down from Edinburgh to do
a Ph.D. under Mary Cartwright. She already had a university position in London
but, in those days, it was customary to put the husband’s career first, so she resigned
her post and came with me to Princeton. A few years later such a sacrifice would
not have been expected, though there is never an easy solution.

Princeton was a very important part of my mathematical development. Here I met
many of those who would influence or collaborate with me in the future. In addition
to Serre and Hirzebruch there were Kodaira and Spencer, of the older geometers,
and Bott and Singer of the younger ones. In later times I came frequently to the
Institute while on sabbatical leave and for three years, 1969–72, I was a professor
on the Faculty. It was my second mathematical home.

My subsequent career oscillated between Cambridge, Oxford and Princeton. In
1957 I returned to Cambridge as a University Lecturer and in 1961 I moved to
Oxford, first as a Reader and then from 1963–69 as Savilian Professor of Geometry.
After my stay at Princeton from 1969–72 I returned to Oxford as a Royal Society
Research Professor, staying in that post until in 1990 I moved back to Cambridge as
Master of Trinity College.
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If these were the universities where I had permanent positions an important part
was also played by Harvard and Bonn. During my close collaborations with Bott
and Singer I spent two sabbatical terms at Harvard and for around twenty-five years
I used to go to Bonn for the annual Arbeitstagung. These were enormously exciting
events with many new results being discussed and with a stellar cast of participants.

During the early years in Bonn much attention was paid to Hirzebruch’s
Riemann–Roch Theorem and its subsequent generalization by Grothendieck. Al-
most at the same time Bott made his famous discovery of the periodicity theorem
in the classical groups. By being around at the right time, having the right friends
and playing around with the formulae that emerged, I soon realised the close links
between the work of Bott and Grothendieck. This led to new concrete results in
algebraic topology which convinced me that it would be worth developing a topo-
logical version of Grothendieck’s K-theory. This grew into a significant enterprise
and it was natural that Hirzebruch should join me in developing it. He had more
experience of Lie groups and their characteristic classes and his own earlier work
tied in with my developing interest.

Over the subsequent years Hirzebruch and I wrote many joint papers on various
aspects and applications of K-theory. It was an exciting collaboration from which I
learnt much, not least in how to write papers and present lectures. He was, in effect,
an elder brother who continued my education.

Some of the remarkable consequences of Hirzebruch’s Riemann–Roch Theorem
had been the integrality of various expressions in characteristic classes. A priori,
since these formulae had denominators, the answers were rational numbers. In fact,
under appropriate hypotheses, they turned out to be integers. For complex algebraic
manifolds this followed from their interpretation as holomorphic Euler characteris-
tics, a consequence of the Riemann–Roch Theorem. For other manifolds Hirzebruch
had been able to deduce integrality by various topological tricks, but this seemed
unsatisfactory. Topological K-theory gave a better explanation for these integral-
ity theorems, closer to the analytic proofs derived from sheaf theory in the case of
complex manifolds.

A particularly striking case was the fact that an expression called by Hirzebruch
the Â-genus was an integer for spin-manifolds. It was the attempt to understand
this fact that eventually led Singer and me to our index theorem. Because of the
comparison with analytic methods on complex manifolds it was natural to ask if
there was any analytical counterpart for spin-manifolds.

A key breakthrough came with the realization that Dirac had, thirty years before,
introduced the famous differential operator that bears his name. Singer, with a better
background in physics and differential geometry, saw that, on a spin-manifold, one
could, using a Riemannian metric, define a Dirac operator acting naturally on spinor
fields. From my apprenticeship with Hirzebruch I was familiar with the character
formulae for the spin representations and so it was easy to see that the index of the
Dirac operator should be equal to the mysterious Â-genus.

All this started while Singer was spending a sabbatical term with me in Oxford.
We also had a brief visit from Stephen Smale, just returned from Moscow, who told
us that Gel’fand had proposed the general problem of computing the index of any
elliptic differential operator.
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Because of our knowledge of K-theory we saw that the Dirac operator was in fact
the primordial elliptic operator and that, in a sense, it generated all others. Thus a
proof of the conjectured index formula for the Dirac operator would yield a formula
for all elliptic operators.

In retrospect it might seem surprising that the Dirac operator had not been se-
riously studied by differential geometers before our time. Nowadays it all seems
transparently obvious to a first-year graduate student. But the reasons for this ne-
glect of the Dirac operator are not far to seek. First the Dirac equation in space-time
is hyperbolic, not elliptic, second, spinors are mysterious objects and, unlike differ-
ential forms, have no natural geometric interpretation. The first point is analogous to
the difference between Maxwell’s equation and Hodge theory, and it took nearly a
century for this gap to be bridged. The mysterious nature of spinors is an additional
reason and so a delay of thirty years is quite modest.

The road that Singer and I took to arrive at the index theorem was that of a
solution looking for a problem. We knew the precise shape of the answer, but the
answer to what? Such an inverse approach may not be unique but it is certainly
unusual.

Having formulated our index theorem, Singer and I had to search hard for a proof.
Here our many good friends in the analytical community were invaluable, and we
had to master many new techniques. This was easier for Singer since his background
was in functional analysis.

Over the subsequent decades the index theorem in its various forms and gen-
eralizations occupied most of our efforts. A particularly interesting strand was the
Lefschetz fixed point formula which I developed with Raoul Bott, and the fuller un-
derstanding of elliptic boundary value problems which was also joint with Bott. It
was during this period that I spent two sabbatical terms at Harvard and I recall this
as a particularly stimulating and fruitful time.

Another important extension of the index theorem which required the collective
efforts of Bott, Singer, Patodi and myself was the local form of the index theorem
and the contribution of the boundary arising from the η-invariant. This was a spectral
invariant, analogous to the L-functions of number theory and originating in fact in
a beautiful conjecture of Hirzebruch on the cusps of Hilbert modular surfaces. Most
of this work was done while I was a professor at Princeton, with my collaborators
as visitors.

Graeme Segal, who was one of my early research students, collaborated on the
equivariant version of the index theorem as well as on aspects of K-theory.

In 1973 I returned to Oxford and while I had no formal teaching duties I ac-
quired, over the years, a string of talented research students who also influenced my
research. Nigel Hitchin moved to Princeton with me and then returned to Oxford
and we collaborated on many topics. In 1973 I also met up again with my Cam-
bridge contemporary Roger Penrose who had now become a theoretical physicist.
We interacted fruitfully as soon as we realized that the complicated contour integrals
arising in his twistor theory could be reinterpreted in terms of sheaf cohomology.
This established a key bridge between his group and mine.

In due course this led on to the study of instantons and monopoles and opened
doors to a wider physics community. It also led to the spectacular results of Simon
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With I.M. Gelfand in Oxford, 1973

The Queen opening a new building at Trinity College, 1993

Donaldson on 4-dimensional geometry, one of the highlights of 20th century math-
ematics.

By the late 70’s the interaction between geometry and physics had expanded
considerably. The index theorem became standard form for physicists working in
quantum field theory, and topology was increasingly recognized as an important in-
gredient. Magnetic monopoles were one manifestation of this, as I had learnt from
Peter Goddard. I was fortunate to get to know Edward Witten fairly early in his
career while he was a Junior Fellow at Harvard. For over thirty years he has been
recognised as the driving force among theoretical physicists exploring the frontiers
of their subject. I learned a great deal from him and he has provided mathematicians



Autobiography 109

with an entrée to theoretical physics which is remarkable in its richness and sophis-
tication. The influence of new ideas in quantum field theory and string theory has
been widespread and much more may be in store.

For most of my working life I have held research posts which left me free to
concentrate on my own work. So, later in life, I felt I had a duty to take on various
administrative roles which are in any case more suited to grey hairs. I have presided
over the London Mathematical Society, The Royal Society, Trinity College and the
Newton Institute, while currently I am President of the Royal Society of Edinburgh.
I have also served on the advisory committees of mathematical institutes in many
countries.

In my youth I received the Fields Medal (1966) and in old age the Abel Prize
(2004). I have been fortunate in many things, the quality of my collaboration and
students, the support of many centres of research and a firm family base.
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Isadore M. Singer

My mother, Freda Rosemaity, and father, Simon Singer, were born in Poland. After
World War I, they immigrated to Toronto, Canada where they met and were married.
My father was a printer and my mother a seamstress. In the early 1920’s they moved
to Detroit, Michigan. I was born there in 1924.

My parents struggled through the depression. In the mid 1930’s we were able to
move from a poor neighborhood to a better one with a good school system. I was
an all A student who did not find my courses challenging. In the summers I played
baseball during the day and read novels at night.

The periodic table, explained by my high school chemistry teacher, awakened
me to science. I was enthralled by its symmetry and began devouring popular books
on chemistry and physics. In my senior year I became president of the Science Club
and lectured on Relativity to club members.

I won a tuition scholarship to the University of Michigan and moved to Ann
Arbor in September 1941. Three months later the United States entered World
War II. I enlisted in the Signal Corps; it promised not to induct me into active
service until I received my Bachelor of Science degree. Nevertheless I rushed
through college, graduating in January 1944. I majored in physics but still re-
gret that I did not take advantage of the superb mathematics faculty at Michi-
gan.

The two physics courses that intrigued and puzzled me were Relativity and Quan-
tum Mechanics. I decided I needed a better mathematical background and was de-
termined to get it while on active duty. When the war ended I was in charge of a
Signal Corps school in the mudflats of Luzon for the Phillippino Army. Fortunately,
the University of Chicago offered correspondence courses in classical Differential
Geometry and in Group Theory. My evenings were spent working problems while
my comrades played poker. Mail call brought letters from my family and corrected
problem sets from Chicago.
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Central High School Graduates, 1941: Shoshana, Ben, Yitzchak, Miriam, Lillit

When I came home at the end of 1946, I was admitted to the graduate program
in the mathematics department at the University of Chicago. I had planned to return
to physics after a year, but mathematics was so elegant and exciting to learn that I
stayed put. I specialized in analysis under the direction of I.E. Segal. S.S. Chern who
joined the mathematics department during my last year, taught a fascinating course
in Differential Geometry that described the Global Geometry of fiber bundles in
terms of differential forms.

After receiving my Ph.D. in June 1950, I moved to MIT for two memorable years
as an Instructor. We organized many seminars to learn the remarkable postwar de-
velopments in topology, analysis, and geometry. And it was there that I met Warren
Ambrose who would become a longtime friend and collaborator. He asked me to
explain Chern’s course; we spent many nights drinking coffee and driving around
Boston discussing geometry.

After assistant professorships at UCLA and Columbia University, I was a fellow
at the Institute for Advanced Study in 1955, a very special year. I met and talked
with mathematicians who were or became famous: Michael Atiyah, Raoul Bott,
Fritz Hirzebruch, J.-P. Serre, and my dear graduate school friend Arnold Shapiro.

When I returned to MIT in 1956, Ambrose and I, with the help of our students,
modernized and extended Chern’s approach to Global Differential Geometry. We
also revised many undergraduate courses to bring them up to date with the postwar
advances in mathematics. It was an exciting time. Students caught our enthusiasm
and instructors brought new perspectives from other places. My small office was
crowded with people as I carried out simultaneous discussions on different topics,
on holonomy, on commutative Banach algebras, on Eilenberg–MacLane spaces.

The Sloan Foundation awarded me a fellowship for the academic year 1961–62.
I spent the fall on the Isle of Capri reviewing a manuscript on the Infinite Groups
of E. Cartan, joint work with Shlomo Sternberg [21]. In December I called Michael
Atiyah and asked if there was room for me at Oxford. He simply said, “Come”,
though he had only arrived a few months earlier himself. I came in January; Michael
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At MIT

Singer and Atiyah

was a most hospitable colleague. Our collaboration of more than twenty years
started then. We conjectured in the spring that the Â genus of a spin manifold was
the index of the Dirac operator [a generalization of Dirac’s equation for the spinning
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With family

electron] on that Riemannian spin manifold. We quickly extended the conjecture to
include geometric elliptic differential operators and found a proof in the fall of 1962.
Gelfand’s insight1 and the consequences of Seeley’s MIT thesis2 allowed us to fur-
ther generalize our result, giving a topological formula for the index of any ellip-
tic operator on a compact manifold [19]. The index theorem and its proof brought
together analysis, geometry, and topology in unexpected ways. We extended it in
different directions over a period of fifteen years.

My collaboration with Sir Michael has been a major part of my mathematical
work. His expertise in topology and algebraic geometry and mine in analysis and
differential geometry made a good match. Working with him was exciting and fun.
All ideas were worth exploring at the blackboard, erased if nonsense, pursued inten-
sively otherwise.

Our last collaboration (to date) in 1984 applied the families index theorem to
the computation of chiral anomalies in gauge theory and string theory [67]. In the
mid 1970’s mathematicians realized that gauge fields in physics, which describe the
interactions of fundamental particles, were the same as connections on principal
bundles. Computing the dimension of the moduli of self dual gauge fields was an
early application of the index theorem [54]. Our 1984 paper encouraged high en-
ergy theorists to apply the families’ index theorem and its K-theory formulation to
problems in string theory.

When I came to the University of California in Berkeley in 1977, I started a
math/physics seminar. I wanted to know how to quantize gauge fields and why

1I.M. Gelfand, On elliptic equations, Russian Math. Surveys (1960) no 3, 113.
2R.T. Seeley, Singular integral operators on compact manifolds, Amer. J. Math. (81) 1999
658–690.
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With I.M. Gelfand in Oxford, 1953

self dual fields were important in physics. Three gifted students, Dan Freed, Daniel
Friedan, and John Lott helped me run the seminar. Daniel taught me much about
quantum field theory on long walks at physics workshops. Orlando Alvarez joined
the physics department in 1982 and became an enthusiastic participant in the semi-
nar. We have been working together for almost fifteen years. M.J. Hopkins suggested
that our last paper [102] will have some applications to elliptic cohomology. When
I don’t understand some physics, I call Orlando for an explanation.

I brought the seminar with me when I returned to MIT in 1984. It still flour-
ishes. Last year was devoted to the paper by Kapustin and Witten3 building a bridge
between Electromagnetic Duality and the Geometric Langlands program in repre-
sentation theory and number theory. That S-duality in string theory may impact
number theory and/or vice versa is an exciting prospect.

Most of my academic life has been at MIT, a very fertile environment for me.
My collaboration with colleagues here produced interesting mathematics—twenty
papers starting with Warren Ambrose on Holonomy in 1953 [3]. My ongoing re-
search with Richard Melrose and V. Mathai extends the index theorem to the case
of twisted K-theory and the case where the manifold has no spinC structure [104,
106, 108].

I’m grateful to MIT for allowing me to teach what I want, the way I want, and
for giving me ample time to do my own work. It has also been enthusiastic about
my activities in Washington DC in support of science, a period that lasted thirty

3A. Kapustin and E. Witten, Electric-magnetic duality and the geometric Langlands program,
arXiv:hep-th/0604151.

http://arxiv.org/abs/arXiv:hep-th/0604151
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I.M. Singer (Courtesy of the MIT News Office)

years. Most interesting were membership in the White House Science Council dur-
ing the Reagan administration and chairmanship of the National Academy of Sci-
ences’ “Committee on Science and Public Policy”.

In 1988 J.P. Bourguignon and J.L. Gervais arranged for my appointment as Chair
of Geometry and Physics, Foundation of France. I gave a weekly seminar on ‘In-
troduction to String Theory for Mathematicians’ at the École Normale and École
Polytechnique. The mixture of mathematicians and physicists made a responsive
audience. I fondly remember Claude Itzykson gently asked me leading questions.
We became good friends. Laurent Baulieu was also a member of the audience. We
talked, and soon wrote the first of several papers on cohomological quantum field
theories [76, 79, 84]. I believe my seminar opened new lines of communication
between different Laboratories in and around Paris.

In 1982, S.S. Chern, Calvin Moore, and I founded the Mathematical Sciences
Research Institute (MSRI) in Berkeley, California, funded by the National Science
Foundation. MSRI will soon celebrate its twenty-fifth anniversary with a conference
reviewing its past successes. A major theme of the conference is the recognition and
support of new mathematics and its applications.

Anticipating new directions is not easy. The growth and evolution of mathematics
since I became a graduate student sixty years ago is astonishing. To have been a key
participant in the development of index theory and its applications to physics is most
gratifying. And beyond that I am fortunate to have experienced first hand the impact
of ideas from high energy theoretical physics on many branches of mathematics.



The Atiyah–Singer Index Theorem

Nigel Hitchin

1 Introduction

The Abel Prize citation for Michael Atiyah and Isadore Singer reads: “The Atiyah–
Singer index theorem is one of the great landmarks of twentieth-century mathemat-
ics, influencing profoundly many of the most important later developments in topol-
ogy, differential geometry and quantum field theory”. This article is an attempt to
describe the theorem, where it came from, its different manifestations and a collec-
tion of applications. It is clear from the citation that the theorem spans many areas.
I have attempted to define in the text the most important concepts but inevitably a
certain level of sophistication is needed to appreciate all of them. In the applications
I have tried to indicate how one can use the theorem as a tool in a concrete fashion
without necessarily retreating into the details of proof. This reflects my own appre-
ciation of the theorem in its various forms as part of the user community. The vision
and intuition that went into its proof is still a remarkable achievement and the Abel
Prize is a true recognition of that fact.

2 Background

2.1. The Index. If A : V → V is a linear transformation of finite dimensional vec-
tor spaces, then as every undergraduate knows, dim kerA + dim imA = dimV , so
the dimension of the kernel of A and its cokernel V/ imA are the same. In infinite
dimensions this is not true. Of course, if V is a Hilbert space, then kerA may not be
finite dimensional anyway, but we can restrict to the class of operators called Fred-
holm operators—bounded operators with finite-dimensional kernel, closed image
and finite-dimensional cokernel. In this case the index is defined as

indA = dim kerA − dim cokerA.

N. Hitchin (�)
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Using the Hilbert space structure to define the adjoint of A, an alternative expression
for the index is

indA = dim kerA − dim kerA∗.

As an example take V = �2, the space of square-summable sequences (a0, a1,

a2 . . . ). If A is the left shift

A(a0, a1, a2 . . . ) = (a1, a2, a3 . . . )

its image is V and kernel is one-dimensional spanned by (1,0,0, . . . ) so its index
is 1, and the index of An is n. For the right shift we get index −1 with powers of it
giving all negative integers. An important property of the index is that a continuous
deformation of A through Fredholm operators leaves it unchanged. The dimension
of the kernel may jump up and down, but the index is the same and determines the
different connected components of the space of all Fredholm operators.

The Atiyah–Singer index theorem concerns itself with calculating this index in
the case of an elliptic operator on a differentiable manifold. With suitable bound-
ary conditions and function spaces these are Fredholm. The challenge, to which
the theorem provides an answer, is to compute this integer in terms of topological
invariants of the manifold and operator.

2.2. Riemann–Roch. In many respects the index theorem and its uses is modelled
on the Riemann–Roch theorem for compact Riemann surfaces. Riemann was at-
tempting to understand abelian integrals and meromorphic functions on a Riemann
surface described by identification of sides of a polygon.

A meromorphic function f on a Riemann surface is determined up to a constant
multiple by its zeros pi and poles qj which are written as

(f ) =
∑

i

mipi −
∑

j

njqj

where the integer coefficients are the multiplicities. An arbitrary expression like
this—a finite set of points with multiplicities—is called a divisor. Not all of them
come from a meromorphic function, but given a divisor D one considers the di-
mension �(D) of the vector space of meromorphic functions f such that all the
coefficients of (f ) + D are non-negative. Riemann established an inequality

�(D) ≥ d + 1 − g

where d is the degree of the divisor D—the integer
∑

i mi − ∑
j nj —and g is the

genus of the Riemann surface. These numbers are topological invariants, unchanged
under continuous deformation. In particular, the Euler characteristic χ of the surface
is 2 − 2g. So the inequality estimates something analytical by topological means.

Riemann’s inequality shows that there are many meromorphic functions on a
Riemann surface and helped him to prove that any two were algebraically related
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which showed that many features of abstract Riemann surfaces could be reduced to
algebraic plane curves.

Roch was a student of Riemann who died at the age of 26 in the same year 1866
that Riemann died. He identified the difference in Riemann’s inequality in terms of
a similar object to �(D). What is now called the Riemann–Roch formula for curves
is

�(D) − �(K − D) = d + 1 − g

where K is the divisor of a meromorphic differential—it could be the derivative of a
function or more generally an abelian differential. The left hand side is a difference
of two positive integers, each one of which depends in general on the divisor D,
but the right hand side is a topological invariant. This is an example of the index
theorem but it needs a more modern interpretation to make it so.

There is a differential operator here—the Cauchy–Riemann operator

∂

∂z̄
= ∂

∂x
+ i

∂

∂y
,

whose local solutions are holomorphic functions. The Riemann–Roch theorem is
phrased above in terms of meromorphic functions—functions with singularities—
but one gets around that by introducing the notion of a holomorphic line bundle
associated to a divisor. So one considers complex-valued functions f on the com-
plement of the pi, qj with specific behaviour near those points: near pi (with a
local coordinate z where z = 0 is pi ) the function z−mi f (z, z̄) is differentiable and
similarly at the points qj , znj f (z, z̄) is differentiable. The space of all such func-
tions is the infinite dimensional vector space of sections of a line bundle L. Because
z−mi and znj commute with the Cauchy-Riemann operator, there is a well-defined
operator ∂̄ on this space of sections. On suitable Sobolev spaces it defines a Fred-
holm operator, whose kernel has dimension �(D). The dimension of its adjoint is
�(K − D), so the Riemann–Roch formula is

dim ker ∂̄ − dim coker ∂̄ = d + 1 − g.

Riemann’s proof was heavily criticized because of its use of the physically in-
spired Dirichlet principle (not unlike some of the modern day incursions of physi-
cists’ thinking into pure mathematics) and a desire for more rigour propelled the
theorem more into the algebraic domain after Riemann’s death [22]. Nevertheless,
its value was undeniable and indeed its use in the 19th century reflects many of the
uses of the index theorem 100 years later: when d is large enough, the right hand
side is positive so the theorem asserts the existence of holomorphic sections of L,
and if the degree of K −D is less than zero, �(K −D) vanishes and we get an exact
formula. The theorem plus an additional vanishing theorem can be very powerful.

2.3. The Beginning. In 1961/62, Atiyah’s first academic year in Oxford after mov-
ing from Cambridge, Singer decided to take a sabbatical from MIT. Remembering
his friendship with Atiyah at the Institute for Advanced Study in Princeton in 1955,
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he had called to see if he could come on his own money and was of course welcome.
Then, as Singer recalls, in January 1962 [28]:

. . . on my second day at the Maths Institute you walked up to the fourth floor
office where I was warming myself by the electric heater. After the usual for-
malities, you asked “Why is the genus an integer for spin manifolds?” “What’s
up, Michael? You know the answer much better than I.” “There’s a deeper rea-
son,” you said.

And so began the Atiyah–Singer Index Theorem.
To understand the background to Atiyah’s question, one has to understand the

changes that had happened in geometry since Riemann’s time. Riemann had in-
vented the concept of a manifold, a higher dimensional version of a surface, but it
took lifetimes for the idea to be properly understood. By 1962 however these were
familiar objects and their structure was being analyzed from many different points
of view. The rapid development of topology in the first half of the 20th century had
provided a sophisticated algebraic setting for many of the invariants—much of it
encoded in the cohomology ring. And de Rham’s cohomology theory gave an ana-
lytical hold on this, representing cohomology classes by exterior differential forms.
Then Hodge had showed that, with a Riemannian metric on the manifold, one could
find a unique harmonic form in each cohomology class. When applied to algebraic
surfaces it showed that holomorphic differentials were closed and provided a link to
topology which had held up the further development of the Riemann–Roch theorem
since the 19th century.

In the immediate postwar period the notion of a vector bundle—a family of vec-
tor spaces parametrized by the manifold—and in particular the tangent bundle, had
come into play and the characteristic cohomology classes named after Pontryagin
and Chern were the subject of great study. Most notably, Friedrich Hirzebruch, who
had also been in Princeton in 1955 had come up with a means of describing the
signature of a manifold in terms of particular combinations of Pontryagin classes.

2.4. The Signature. In the present context it is convenient to use de Rham co-
homology to define the signature. The cohomology group Hp(M,R) consists of
the quotient space of the space of differential p-forms α such that dα = 0 (closed
forms) modulo those for which α = dβ for some (p−1)-form β (exact forms). Here
a p-form is written in local coordinates as

α =
∑

i1<i2<···<ip

ai1i2...ip (x)dxi1 ∧ dxi2 ∧ · · · ∧ dxip

and then

dα =
∑

j,i1<i2<···<ip

∂ai1i2...ip

∂xj

dxj ∧ dxi1 ∧ dxi2 ∧ · · · ∧ dxip .

For a compact orientable manifold of dimension n, Hn(M,R) is one-dimensional
and the exterior product of forms defines a dual pairing between Hp(M,R)
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and Hn−p(M,R):

([α], [β]) =
∫

M

α ∧ β. (2.1)

If we introduce a Riemannian metric gij then there is a naturally defined volume
form ω = √

detgij dx1 ∧ · · · ∧ dxn and an inner product on forms. The Hodge star
operator is the linear map ∗ : �p → �n−p from the space of all p-forms to (n−p)-
forms with the property that at each point

(α,β)ω = α ∧ ∗β.

We have ∗2 = (−1)p(n−p) when ∗ acts on p-forms.
The formal adjoint d∗ of d satisfies the condition

∫

M

(dα,β)ω =
∫

M

(α,d∗β)ω

and can be written using the star operator as

d∗ = (−1)np+n+1 ∗ d ∗ . (2.2)

The Hodge theorem says that in each cohomology class there is a unique represen-
tative form which satisfies dα = 0 and d∗α = 0.

Hodge theory immediately implies that the pairing (2.1) is non-degenerate since
if ([α], [β]) = 0 for all [β] then in particular we can take β = ∗α where α is har-
monic (from (2.2) β is closed). This implies that

0 =
∫

M

(α,∗2α) = ±
∫

M

(α,α)

and so α = 0.
If n = 2m is even, we obtain a nondegenerate bilinear form on Hm(M,R). This

is symplectic when m is odd (since odd forms anticommute) and symmetric when
m is even. In the latter case there is a basis in which the matrix is diagonal with
p positive entries and q negative ones. The signature τ(M) of the manifold M is
defined to be the integer p − q .

The signature has some very natural properties: for a product τ(M × N) =
τ(M)τ(N) and for a change of orientation (replacing the volume form ω by −ω)
we clearly get −τ(M). Most importantly, if M is the boundary of another oriented
manifold of one dimension higher, then τ(M) = 0.

Now in the mid 1950s René Thom had developed the theory of cobordism—
considering equivalence classes of closed manifolds under the relation that two
n-dimensional manifolds are equivalent if there is an (n + 1)-dimensional mani-
fold whose boundary has two components M and N . One then introduces a ring
structure on the equivalence classes using the two operations of product and disjoint
union. Introducing orientations, one writes [−M] for the class M with opposite ori-
entation and then [M] + [−M] = 0 by consideration of the cylinder M × [0,1].
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By the remarks above, τ defines a homomorphism from the cobordism ring to the
integers.

Over the rational numbers, Thom determined this ring: he showed that a class is
determined by the Pontryagin numbers of the tangent bundle and also gave genera-
tors. The Pontryagin numbers play an important role in the index theorem, so let us
look more closely at these.

The basic topological invariant of a surface is its Euler characteristic—for a tri-
angulation it is V − E + F where V,E,F are the numbers of vertices, edges and
faces respectively. It is also quite familiar that this number can be calculated by the
number of zeros of a vector field, counted with sign and multiplicity. For every ori-
ented vector bundle of rank two on a manifold M , there is a cohomology class in
H 2(M,Z) called the Euler class which when evaluated on a surface in M counts the
number of zeros of a section. In the case of the tangent bundle of a surface a section
is a vector field and so this number is the Euler characteristic. For a Riemann sur-
face, a holomorphic line bundle is a complex vector bundle of rank one which can
be thought of as a real rank two bundle and this number is the degree which appears
on the right hand side of the Riemann–Roch formula. The Euler class changes sign
if we change the orientation of the bundle—evaluating it on a surface necessitates
also a choice or orientation on the surface so the integer (for example the Euler
characteristic itself) does not depend on orientation.

Now suppose a rank four bundle E is a direct sum E1 ⊕ E2 of two rank two
bundles. We have two Euler classes e1, e2 ∈ H 2(M,Z). The signs are indeterminate
as is their order, but the class e2

1 +e2
2 ∈ H 4(M,Z) is insensitive to this. If we have an

overall orientation on E then there is another class e1e2 ∈ H 4(M,Z) which is well-
defined. The first example is called the (first) Pontryagin class of E. It makes sense
even if E is not a direct sum (by a trick called the splitting principle one can pass to
another space over which the bundle does split as a sum without losing information;
so most calculations can be performed by imagining that the bundle does split).
For a vector bundle of rank 2m we define the Pontryagin class pk ∈ H 4k(M,Z)

using the kth elementary symmetric function in e2
1, e

2
2, . . . , e

2
k . There is also, with

an orientation, a class e1e2 . . . ek ∈ H 2k(M,Z) called the Euler class. A Pontryagin
number of a compact manifold of dimension 4k is obtained by taking the Pontryagin
classes of the tangent bundle and evaluating a degree 4k class

pi1pi2 . . . pin

where (i1, i2, . . . , in) is a partition of k. The Pontryagin number is an integer.
Let Q(x) be a power series with Q(0) = 1 and rational coefficients then the

product

Q(e2
1)Q(e2

2) . . .Q(e2
k)

is a series whose terms are of degree 0,4,8, . . . and each term of a given degree is a
symmetric polynomial in the e2

i and hence a polynomial in Pontryagin classes. The
degree 4k component can be evaluated on a manifold of dimension 4k to give a ratio-
nal combination of Pontryagin numbers. This number q(M) satisfies the condition
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that q(M ×N) = q(M)q(N). Moreover since the Pontryagin classes themselves are
independent of orientation, when we evaluate on the manifold we need a choice of
orientation, so the numbers q(M) change sign if we change the orientation. Thom’s
result that the cobordism ring is determined rationally by the Pontryagin numbers
means that q defines a ring homomorphism to Q.

Hirzebruch’s task was to find the function Q for which this homomorphism is
the signature, and he discovered that it was

Q(x) =
√

x

tanh
√

x
.

Expanding this in symmetric polynomials and substituting for the Pontryagin classes
gives

L = 1 + 1

3
p1 + 1

45
(7p2 − p2

1) + · · ·
so Hirzebruch’s theorem says that the signature of a 4k-dimensional manifold is
the Pontryagin number of degree 4k in this expansion. Because of the cobordism
invariance, all one has to do is to check both sides on generators of the cobordism
ring, which are standard well-known manifolds.

2.5. Hirzebruch–Riemann–Roch. Hirzebruch followed up his work on the signa-
ture with a version of the Riemann–Roch theorem for algebraic varieties of arbitrary
dimension, not just Riemann’s original one-dimensional case. This work appeared
in the highly influential book of 1956 [24]. Whereas the original theorem related
the dimensions of two vector spaces of holomorphic sections of a line bundle, the
higher-dimensional case involves more complicated objects. These are most conve-
niently described by the Dolbeault approach.

On a complex manifold M of complex dimension n, one can consider not
only the exterior derivative d : �p → �p+1 but also an analogue on (0,p) forms:
a (0,p)-form is locally written in complex coordinates zi as

α =
∑

i1<i2<···<ip

ai1i2...ip (x)dz̄i1 ∧ dz̄i2 ∧ · · · ∧ dz̄ip

and then

∂̄α =
∑

j,i1<i2<···<ip

∂ai1i2...ip

∂z̄j

dz̄j ∧ dz̄i1 ∧ dz̄i2 ∧ · · · ∧ dz̄ip .

By analogy with de Rham cohomology one defines the Dolbeault cohomology
group H 0,p as the kernel of ∂̄ on (0,p)-forms modulo the image of ∂̄ on (0,p − 1)-
forms. One can also incorporate a holomorphic vector bundle E and consider the
associated operator on forms with values in E. When p = 0, the kernel of ∂̄ is
simply the space of global holomorphic sections of E. Hirzebruch gave a formula
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for the alternating sum
n∑

p=0

(−1)p dimH 0,p(M,E)

in terms of topological invariants which are the complex analogues of Pontryagin
classes, called Chern classes.

A complex line bundle L defines a class c(L) ∈ H 2(M,Z)—considered as a
real oriented rank two bundle this is the Euler class e. If a complex vector bundle
E of rank m splits as a sum of line bundles Li , then the elementary symmetric
functions in c(Li) define the Chern classes ck(E) ∈ H 2k(M,Z), and we can form
Chern numbers instead of Pontryagin numbers by evaluating products in degree 2n

on the manifold M , and use power series Q(x). Hirzebruch developed a method
closely related to his proof of the signature theorem which allowed him to find the
right combination of Chern numbers to give the value of the alternating sum, by
evaluating both sides on some standard examples. In the case without the vector
bundle E his formula is

n∑

p=0

(−1)p dimH 0,p(M) = td(T M)[M]

where td is the Todd polynomial defined by evaluating the Chern numbers of the
tangent bundle generated by the polynomial

Q(x) = x

1 − e−x

which gives

td = 1 + 1

2
c1 + 1

12
(c2

1 + c2) + · · · .

With a vector bundle E, one introduces another polynomial in symmetric functions,
the Chern character, defined by

ch(E) =
∑

i

ec(Li) = rkE + c1(E) + 1

2
(c2

1 − 2c2)(E) + · · ·

and then the general Riemann–Roch formula is

n∑

p=0

(−1)p dimH 0,p(M,E) = ch(E) td(T M)[M].

When M is one-dimensional, a Riemann surface, and E is rank one, a line bundle
L, the right hand side is

(1 + c(L))

(
1 + 1

2
c1(T M)

)
[M] = degL + 1

2
(2 − 2g) = d + 1 − g
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which is the right hand side of the classical Riemann–Roch theorem. The left hand
side is

dimH 0,0(M,L) − dimH 0,1(M,L).

To link this with the traditional formulation one needs the Serre duality theorem
which in general asserts that

H 0,p(M,E)∗ ∼= H 0,n−p(M,E∗ ⊗ K)

where K is the canonical bundle of holomorphic n-forms. The struggles of the 19th
century geometers to obtain a Riemann–Roch theorem for algebraic surfaces may
well have been reflected by the inability to come to terms with higher cohomology—
Serre duality does not convert the H 0,1 term into anything more amenable.

Hirzebruch showed that the Todd polynomial was closely related to Pontryagin
classes. He introduced the Â polynomials in Pontryagin classes defined by the power
series

Q(x) =
√

x/2

sinh(
√

x/2)

giving

Â = 1 − 1

24
p1 + 1

27325
(−4p2 + 7p2

1) + · · · (2.3)

and he showed that

td(T M) = ec1(T M)/2Â(T M). (2.4)

All of these formulae provoke an obvious question—the right hand side is a ra-
tional combination of Pontryagin numbers and so a priori doesn’t give an integer,
though the interpretation of the left hand side—either the signature or an alternating
sum of dimensions—clearly is. Algebraic topologists were explaining this by quite
sophisticated methods in the early 1960s, and the question that Atiyah asked Singer
in January 1962 was motivated by one of these, relating precisely to the Â polyno-
mial above. On an algebraic variety with c1(T M) = 0 the Hirzebruch–Riemann–
Roch formula shows that Â(T M)[M] is an integer. Hirzebruch had also shown that
a weaker result holds. The mod 2 reduction of c1(T M) ∈ H 2(M,Z) is an invariant
called the second Stiefel–Whitney class w2(T M) ∈ H 2(M,Z2) which exists on any
manifold, complex or not. It was known that for any oriented manifold with w2 = 0,
the Â-genus was an integer. Why? As Atiyah commented: “We had the answer: we
didn’t know what the problem was” [2].

2.6. The Dirac Operator. By March 1962 Atiyah and Singer had found a candidate
for the problem—determine the index of the Dirac operator. In a way they had re-
discovered this operator since physicists were already familiar with it, but there was
a huge difference between the Euclidean signature of Riemannian geometry which
was needed here and the Lorentzian signature of relativity.
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The construction of the Dirac operator begins with the Clifford algebra: the al-
gebra generated by the vectors in a real vector space V with positive definite inner
product and the single relation

v2 = −(v, v)1.

When V = R this gives the complex numbers, when V = R2 the quaternions. If
e1, . . . , en is an orthonormal basis in Rn then the Dirac operator

D =
n∑

i=1

ei

∂

∂xi

has the property

D2 = −
n∑

i=1

∂2

∂x2
i

.

What does D act on? The complexified Clifford algebra is isomorphic to a matrix
algebra in even dimensions n = 2m and so D acts on functions with values in this
2m dimensional space of spinors.

On a Riemannian manifold each tangent space has an inner product and so one
gets a bundle of Clifford algebras. But finding a global rank 2m bundle S on which
this acts requires a topological constraint, satisfied if the second Stiefel–Whitney
class w2(X) = 0. This condition is therefore necessary for the existence of a global
Dirac operator. A manifold satisfying this condition is called a spin manifold. If
the manifold is not simply-connected there is a finite choice to be made of spin
structures and Dirac operators.

Atiyah and Singer had been made aware of some of the results of Gelfand and his
coworkers on the homotopy invariance of indices of elliptic boundary value prob-
lems [19, 20] and so a potential link with differential operators was already in the
air. They conjectured that the Â polynomial should give the index of a Dirac oper-
ator, to explain the integrality puzzle. The Dirac operator on its own is self-adjoint
and so has zero index but the bundle S can be broken up further according to the
two half-spin representations. The volume form ω represents in the Clifford algebra
an element such that ω2 = (−1)m and its two eigenspaces define a decomposition
S = S+ ⊕ S− of the spinor bundle. For a vector v ∈ V , vω = −ωv in even dimen-
sions, so the Dirac operator can be viewed as

D : C∞(S+) → C∞(S−).

The index of this operator should be the Â-genus.
The other integrality questions were also amenable to an index interpretation. In

fact the simplest is the Euler characteristic itself:

χ(M) =
n∑

p=0

(−1)p dimHp(M) = dimHeven − dimHodd .
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The operator

d + d∗ : �even → �odd

has by Hodge theory a kernel isomorphic to Heven and a cokernel isomorphic to
Hodd so the index is the Euler characteristic.

Similarly

n∑

p=0

(−1)p dimH 0,p(M,E) = dimH 0,even(M,E) − dimH 0,odd(M,E)

is the index of

∂̄ + ∂̄∗ : �0,even(E) → �0,odd(E)

and the Hirzebruch–Riemann–Roch theorem was explained as an index. Moreover,
the theorem now held for an arbitrary complex manifold.

Finally Hirzebruch’s signature theorem could be explained by considering, on a
manifold of dimension n = 2m, the involution α : �p → �2m−p defined by

α = ip(p+1) ∗ .

This operator anticommutes with d+d∗ and, just as in the case of the Dirac operator,
if we consider the ± eigenspaces we get an operator

d + d∗ : �+ → �−

and an index

dimH+(M) − dimH−(M).

When p < m, α preserves Hp(M) ⊕ H 2m−p(M) and identifying Hp(M) and
H 2m−p(M) using ∗, α is

±
(

0 1
1 0

)

so that the number of +1 and −1 eigenvalues is the same. Hence the index is the
difference of these dimensions just for p = m, in the middle degree Hm(M), which
is the signature.

The integrality results could be explained by indices of operators, but the pas-
sage from the operator to the Pontryagin number required a theorem which be-
came the index theorem. A proof was finally completed in the autumn of 1962 as
Atiyah visited Harvard, and the results were presented in a seminar run by Bott and
Singer, subsequently expounded in detail in the Princeton seminar [27]. The proof
was based on Hirzebruch’s 1953 proof of the signature theorem: the index theo-
rem can be reduced to the evaluation of special cases which generate the cobordism
classes. For the index problem one has to describe its change under cobordism and
this required an extension of elliptic boundary value techniques to singular integral
operators.
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3 The Integer Index

3.1. Formulation of the Theorem. There are many variants of the Atiyah–Singer
index theorem. We begin with the standard version, where the index is simply an
integer. We start with a linear elliptic differential operator

D : C∞(V+) → C∞(V−)

on a compact manifold M with vector bundles V+, V−. Ellipticity is a property of
the highest order term, the principal symbol.

A differential operator of order r is locally expressible (using multi-index nota-
tion) as

Df =
∑

|α|≤r

aαDαf

on vector-valued functions f . This means we have locally trivialized the bundle to
write a section as the function f . In another trivialization f is changed to Pf for
some invertible matrix-valued function P . The coefficients aα of order less that r

transform involving a derivative of P but the highest order terms do not. The symbol
is invariantly defined as a section of

SrT ⊗ Hom(V+,V−)

where SrT is the bundle of symmetric rank r tensors. We can also think of it as
a section σ of p∗ Hom(V+,V−) on the cotangent bundle p : T ∗M → M , homoge-
neous of degree r along the fibres. The operator is elliptic if σ(ξ) is invertible for
ξ = 0. For example, the Dirac operator is elliptic because its symbol is the Clifford
product σ(ξ)ψ = ξ · ψ and

σ(ξ)2 · ψ = −(ξ, ξ)ψ

where (ξ, ξ) ≥ 0 is the Riemannian inner product on one-forms.
Ellipticity depends only on the principal symbol as does the index, which also

is homotopy invariant. To obtain a topological object from it, we use the fact that it
gives an isomorphism V+ ∼= V− outside the zero-section of T ∗M and defines a class
in the cohomology with compact supports H ∗

c (T ∗M).
We explain further: if X is a non-compact manifold, we can consider the de Rham

cohomology of differential forms with compact supports. So, for example although
Hn(Rn) = 0 for n > 0, Hn

c (Rn) ∼= R, represented by ϕdx1 ∧ dx2 ∧ · · · ∧ dxn where
ϕ ≥ 0 vanishes outside a compact set.

A connection A on a vector bundle V is a first order differential operator dA :
C∞(V ) → C∞(V ⊗ T ∗) whose symbol is σ(ξ)s = s ⊗ ξ . It extends to an “exterior
derivative” operator on p-forms with values in V :

dA : �p(V ) → �p+1(V )

but d2
A is no longer zero, and instead defines a curvature form FA ∈ �2(End(V )).

We meet here the Chern–Weil theory, descendant of the classical Gauss–Bonnet
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theorem. In de Rham cohomology, the Pontryagin and Chern classes are represented
by closed differential forms obtained by evaluating certain polynomials of matrices
on the curvature form.

In our case we take the Chern character of E, which is represented in de Rham
cohomology by the closed form

∑

k

1

(2πi)k
tr(F k

A).

In the situation above we choose connections A,B on V+ and V− and pull
them back to T ∗M . Outside some neighbourhood of the zero section of T ∗M ,
σ ∗B = A + a where a ∈ �1(EndV ). Extending a to the whole of T ∗M we have
connections A+,A− on p∗V+,p∗V− which are equivalent by the isomorphism σ

outside of a compact set, hence ch(p∗V+) − ch(p∗V−) defines a compactly sup-
ported cohomology class in H ∗

c (T ∗M). This is the topological data derived from
the operator D.

Now the cotangent bundle T ∗M is naturally a symplectic manifold. Using a Rie-
mannian metric on M its tangent bundle becomes a complex vector bundle and we
can take its Todd class td(T ). Then the Atiyah–Singer index theorem can be formu-
lated as:

Theorem 3.1 Let D : C∞(V+) → C∞(V−) be an elliptic operator on a compact
manifold. Then

indD = dim kerD − dim cokerD =
∫

T ∗M
(ch(V+) − ch(V−)) td(T ).

In many applications it is the Dirac operator coupled to a vector bundle which is
the relevant operator. For the Dirac operator alone the formula is

indD = Â(T M)[M].
If E is an auxiliary bundle with connection dA we define the Dirac operator with
coefficient bundle E as the composition of

∇ ⊗ 1 + 1 ⊗ dA : C∞(S+ ⊗ E) → C∞(S+ ⊗ E ⊗ T ∗)

(where ∇ is the Levi-Civita connection) with the Clifford multiplication map

S+ ⊗ E ⊗ T ∗ → S− ⊗ E

defined by ϕ ⊗ ξ ⊗ e �→ ξϕ ⊗ e. The index formula for this operator is

indDE = ch(E)Â(T M)[M].
The example of the elliptic operator

d + d∗ : �even → �odd
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arising from the de Rham complex

· · · d→ �p d→ �p+1 d→ ·· ·
gives rise to the associated idea of an elliptic complex

· · ·C∞(V p−1)
Dp−1→ C∞(V p)

Dp→ C∞(V p+1)
Dp+1→ ·· ·

where ellipticity means that if ξ = 0 and σp is the symbol of Dp then σp(ξ)v =
0 implies that v = σp−1(ξ)w. By choosing inner products on the V p , the elliptic
complex generates an elliptic operator

D + D∗ : C∞(V even) → C∞(V odd)

just as in the de Rham complex and the index is the alternating sum of the dimen-
sions of the cohomology spaces.

3.2. Integrality Theorems. The index theorem provided an explanation for many
of the previously known and slightly puzzling integrality theorems, especially when
the central role of the Dirac operator was appreciated. In the first place, there was
the link with Riemann–Roch. If the vector space V has a Hermitian inner product
then the space ⊕m

0 �0,pV is a module over the Clifford algebra: given v ∈ V , take
its (0,1) part v0,1 and define

vϕ = 1√
2
(e(v) − e(v)∗)ϕ

where e(v) is the exterior product by v0,1 and e(v)∗ its adjoint. Taking V to be the
tangent space to a complex manifold with a Hermitian metric, this shows that the
symbol of the Dirac operator on the bundle ⊕m

0 �0,pT ∗ is essentially the same as
the symbol of ∂̄ + ∂̄∗ and so they have the same index.

But then we don’t need complex coordinates to get integrality of the Todd genus
td(T M)[M] because it is just the index of a Dirac operator. This means (as was
known) that the Todd genus of an almost complex manifold is an integer.

The space of (0,p) forms considered as a Clifford module is not the standard
one—for that we need to choose a square root L of the canonical bundle, a line bun-
dle L such that L2 ∼= K . The topological obstruction to finding that is the condition

c1(T )mod 2 = c1(K)mod 2 = w2 = 0

and then the standard Dirac operator is equivalent to the ∂̄ + ∂̄∗ operator with values
in the line bundle L = K1/2. This explains Hirzebruch’s link between the Todd
polynomials and the Â polynomials (2.4).

The Dirac operator when the coefficient bundle is the spin bundle itself is the
d + d∗ bundle on exterior forms. In this case the signature theorem and the formula
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for the Euler characteristic can both be seen to be examples of index theorems for
Dirac operators.

A particularly nice example of integrality is a proof of Rochlin’s 1952 result that
if a compact 4-manifold is oriented and has w2 = 0, then its signature is divisible by
16. The index theory proof goes as follows: since w2 = 0 the manifold has a Dirac
operator whose index from (2.3) is

Â =
(

1 − 1

24
p1 + · · ·

)
[M] = − 1

24
p1(T M)[M].

But in four dimensions we have the isomorphism Spin(4) ∼= Sp(1) × Sp(1) where
Sp(1) is the group of unit quaternions. This means that the Dirac operator is quater-
nionic hence its kernel and the kernel of its adjoint are quaternionic vector spaces.
In particular as complex vector spaces they are even-dimensional. It follows that
p1(T M)[M]/24 is an even integer. On the other hand the signature is

τ(M) =
(

1 + 1

3
p1 + · · ·

)
[M] = 1

3
p1(T M)[M]

and so is divisible by 48/3 = 16.

3.3. Positive Scalar Curvature. We noted in Sect. 2.6 that in Rn if

D =
n∑

i=1

ei

∂

∂xi

then

D2 = −
n∑

i=1

∂2

∂x2
i

so that the Dirac operator is a sort of square root of the Laplacian. On a curved
Riemannian manifold, the corresponding formula involves an extra zero-order term:

D2 = ∇∗∇ + 1

4
R

where R is the scalar curvature of the metric and ∇∗ is the formal adjoint of the
covariant derivative ∇ : C∞(S) → C∞(S ⊗T ∗). The operator ∇∗∇ is non-negative.

This formula, originally due to Schrödinger in 1932 in the Lorentzian setting,
was introduced in the Riemannian case by Lichnerowicz in 1963 [26] as an early
application of the index theorem. If Dϕ = 0 then taking global inner products

0 = (D2ϕ,ϕ) = (∇∗∇ϕ,ϕ) + 1

4
(Rϕ,ϕ).

Thus if R > 0, since ∇∗∇ is non-negative, we must have ϕ = 0, whether ϕ is a
section of S+ or S−. It follows that the index of the Dirac operator Â(T M)[M] = 0.
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The simplest example of this is the four dimensional K3 surface (for example the
quartic z4

0 + z4
1 + z4

2 + z4
3 = 0 in CP 3) which has w2 = 0 and signature −16 hence

Â(T M)[M] = 2. This manifold cannot admit a metric of positive scalar curvature.
In fact Yau’s proof of the Calabi conjecture showed that it does admit a metric of
zero scalar curvature.

3.4. Gauge-Theoretic Moduli Spaces. One of the most useful applications of the
index theorem is to the calculation of the dimension of certain moduli spaces of
solutions to nonlinear equations. These include the anti-self-dual Yang–Mills equa-
tions on a four-manifold, the Seiberg–Witten equations, equations for Higgs bun-
dles, magnetic monopoles, pseudo-holomorphic curves and others. These are all
nonlinear partial differential equations whose linearization can be made elliptic. The
index theorem then produces the expected dimension of the space of solutions and
with a little further information Banach space implicit function theorems give mani-
fold structures on the moduli space. As an example we shall take the anti-self-duality
equations on a compact 4-manifold M (see for example [17]).

Let E be a complex vector bundle of rank r over M with a Hermitian metric.
A connection A on E has a curvature form FA ∈ �2(EndE). The connection is
called anti-self-dual if

∗FA = −FA.

If A preserves the Hermitian metric, then FA is skew-adjoint.
A gauge transformation g is a unitary automorphism of E and g acts on the

curvature by conjugation hence preserves the notion of anti-self-duality. We want
to understand the moduli space—the space of all such connections modulo gauge
equivalence. Elliptic operators appear when we look at the linearization of the prob-
lem. The derivative at A of a one-parameter family of connections is given by
Ȧ ∈ �1(EndE). If this arises from a one-parameter family of gauge equivalent con-
nections then Ȧ = dAψ where ψ ∈ �0(EndE). The derivative of the curvature form
at A is dAȦ ∈ �2(EndE) so if this arises from a one-parameter family of anti-self-
dual connections then ∗dAȦ = −dAȦ, or

d+
A Ȧ = 0 ∈ �2+(EndE)

where the + subscript indicates orthogonal projection onto the +1 eigenspace of ∗
on �2(EndE).

We thus have a sequence of first order operators

�0(EndE)
dA→ �1(EndE)

d+
A→ �2+(EndE).

Moreover since d2
A = FA and ∗FA = −FA, it follows that d+

A dA = 0 so this is a
complex.

The linearization of our problem (the tangent space of the moduli space) is thus
the kernel of d+

A (the infinitesimal deformations of anti-self-dual connections) mod-
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ulo the image of dA (the deformations arising from gauge transformations). Har-
monic theory for this complex tells us that this is isomorphic to the kernel of

d∗
A + d+

A : �1(EndE) → �0(EndE) ⊕ �2+(EndE)

and this is an elliptic operator.
We now calculate the index of this. This is a practical example which demon-

strates how indices can be computed without going into the proof of the theorem.
Firstly note that it is in fact a Dirac operator, with coefficient bundle S+ ⊗ EndE:

D : C∞(S− ⊗ S+ ⊗ EndE) → C∞(S+ ⊗ S+ ⊗ EndE)

so its index is

− ch(S+ ⊗ EndE)Â(T M)[M]

= −(
r2 + ch2(EndE) + · · · )(2 + ch2(S+) + · · · )

(
1 − 1

24
p1 + · · ·

)

= −2 ch2(EndE) − r2
(

− 1

12
p1 + ch2(S+)

)
.

The last term is r2 times the index of

d∗ + d+ : �1 → �0 ⊕ �2+

which by Hodge theory is

b1 − 1 − b+
2 = 1

2
(2b1 − 2 − b+

2 − b−
2 − b+

2 + b−
2 ) = 1

2

(−χ(M) − τ(M)
)
.

To calculate the first term note that

ch(EndE) = ch(E∗ ⊗ E) = ch(E∗) ch(E)

=
(

r − c1 + 1

2
(c2

1 − 2c2) + · · ·
)(

r + c1 + 1

2
(c2

1 − 2c2) + · · ·
)

so that

ch2(EndE) = [
r(c2

1 − 2c2) − c2
1

]
(E)[M].

The final index is

−2
[
r(c2

1 − 2c2) − c2
1

]
(E)[M] − 1

2
r2(χ + τ).

In the case of M = S4, we have b2 = 0, so c1(E) = 0 and τ = 0, χ = 2 and the
formula becomes 4rc2(E) − r2.

This is just the index, but, as shown by Freed and Uhlenbeck, a deformation of
the metric will make d∗

A + d+
A surjective. The kernel of dA is the space of covariant
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constant infinitesimal gauge transformations which for an irreducible connection is
just the scalars, so the final dimension of the moduli space is the index plus one. In
the case r = 2 on S4 this gives the 8k − 3 of [12]. The global study of the moduli
space on a general four-manifold is of course the content of Donaldson theory.

The study of instantons on S4 began with this index theoretical approach [12].
The subsequent ADHM description in terms of matrices also uses the index theo-
rem [13], in this case for the Dirac operator

D : C∞(S− ⊗ E) → C∞(S+ ⊗ E)

where the index is − ch(E)Â(T M)(M) = c2(E) = k. In this case the Lichnerowicz
formula for S+ ⊗ E is still just the scalar curvature term R/4 (positive for S4)
because the anti-self-dual curvature FA acts trivially on the spinors in S+. Hence
the index gives the actual dimension of the kernel of D. By stereographic projection
these become L2 sections on R4 and the k × k ADHM matrices are the global inner
products

(xiϕα,ϕβ)

for an orthonormal basis ϕ1, . . . , ϕk of solutions to Dϕ = 0.

4 The Equivariant Index

4.1. K-Theory. The first proof of the index theorem was not flexible enough to
support the myriad applications which Atiyah and Singer had in mind—in partic-
ular to study group actions and families. Hand in hand with the development of
the index theorem came the development of K-theory—a generalized cohomology
theory which was naturally adapted to considering families of vector spaces and
not just the integer which is their dimension. A series of papers [3–7] in Annals of
Mathematics in the period 1968–71 became the definitive version of the index the-
orem and K-theory was the basic tool this time. The model for the new proof was
not Hirzebruch’s use of cobordism, but Grothendieck’s version of the Riemann–
Roch theorem, replacing the algebraic K-theory groups defined in terms of coherent
sheaves by the topological theory developed by Atiyah and Hirzebruch.

In particular, suppose one has a group G acting on the manifold together with an
action on vector bundles V+ and V−, preserving an elliptic operator

D : C∞(V+) → C∞(V−).

Then the kernel and cokernel of D are representation spaces of G. The plain integer
index of D simply gives the differences of the degrees of these representations and
no further information, whereas the natural object to consider is a formal difference
of representation spaces. This lies in the Grothendieck group R(G) generated by
representations of G—two formal differences U − V,U ′ − V ′ define the same ele-
ment in R(G) if there is a representation W such that U ⊕ V ′ ⊕ W is isomorphic to
U ′ ⊕ V ⊕ W .
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The same construction applied to the natural numbers gives the ring of integers,
and applied to isomorphism classes of vector bundles on a space X (using the direct
sum operation of vector bundles) defines K(X), topological K-theory. This is also a
ring under the operation of tensor product. If X is a point, then a vector bundle is a
vector space and then U −V �→ dimU − dimV gives an isomorphism from K(pt.)

to the integers.
In general, since ch(E ⊕F) = ch(E)+ch(F ) and ch(E ⊗F) = ch(E) ch(F ) the

Chern character defines a homomorphism from K(X) to the cohomology ring of X

but only with rational coefficients because of the denominators in

ex = 1 + x + x2

2! + x3

3! + · · · .

In pre-index theory days, integrality issues were being addressed by using K-theory,
so it is not surprising that it became the natural setting for much of the development
of the theory.

On a non-compact space X one can define K-theory with compact supports
Kc(X) in terms of vector bundles together with an isomorphism outside a compact
set. Then an open inclusion i : U ⊂ X induces a natural map

i! : Kc(U) → Kc(X).

Clearly the symbol σ of an elliptic operator defines an isomorphism between
p∗V+ and p∗V− over T ∗M outside the zero section so we immediately obtain a
symbol class

[σ ] ∈ Kc(T
∗M).

For the usual index theorem we need to extract an integer out of this, and to do this
one uses a consequence of the Bott periodicity theorem concerning the homotopy
groups of unitary groups U(n), for n large. This has a rather different manifestation
in K-theory—if V is a complex vector bundle over a space X, and v ∈ V then the
exterior product e(v) defines a complex

· · · e(v)→ �pV
e(v)→ �p+1V

e(v)→ ·· ·
exact outside the zero section v = 0. This gives a class λV ∈ Kc(V ) and by tensoring
with vector bundles pulled back from X it defines a homomorphism

ϕ : K(X) → Kc(V ).

This is an isomorphism, called the Thom isomorphism.
To use this to define a topological invariant from the symbol class [σ ] one embeds

the manifold M in a large Euclidean space Rm. If N is the normal bundle of M in
Rm then N can be identified with a tubular neighbourhood of M in Rm—an open
subset—and hence we get an open embedding of T N in T Rm. Using the induced
metric, we identify T ∗M and the tangent bundle T M and define a complex structure
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on the tangent bundle of T M , of T Rm and hence the normal bundle of T M in T Rm.
So we have the Thom isomorphism

ϕ : Kc(T M) → Kc(T N),

the open inclusion i : T N ⊂ T Rm giving

i! : Kc(T N) → Kc(T Rm),

and the Thom isomorphism theorem again giving

ϕ : K(pt.) → Kc(Cm) = Kc(T Rm).

Using all these maps together with T M ∼= T ∗M we get a homomorphism, called
the topological index

t−ind : Kc(T
∗M) → Z.

In this formulation, the integer index theorem says that the topological index of the
symbol class [σ ] ∈ Kc(T

∗M) is the analytical index of the elliptic operator D.
The above set-up is perfectly adapted to deal with the equivariant case, replacing

the embedding M ⊂ Rm by an equivariant embedding in a representation space,
possible by the Peter–Weyl theorem. The result then is that the symbol class lies in
the equivariant K-theory KG(T ∗M) and the topological index is in KG(pt.) which
is the Grothendieck group for the representations of G.

4.2. Fixed Point Theorems. One of the remarkable features of the equivariant in-
dex is the ability to calculate it from data at the fixed point set of elements of the
group G. The classical example of this is the Lefschetz fixed point theorem of 1926.
Here, given a map f : X → X, the Lefschetz number

∑
(−1)p tr(f∗|Hp(X))

is calculated in terms of the sum of certain indices at the fixed points. In good
situations one gets a count of the number of fixed points.

Clearly if G is a group of isometries of a Riemannian metric, it acts naturally
on p-forms and commutes with the operator d + d∗. The alternating sum in the
Lefschetz formula for g ∈ G is then the character at g of the equivariant index of

d + d∗ : �even → �odd .

However, there are more possibilities by taking different elliptic operators or
complexes—the Dolbeault complex or the Dirac operator for example. Many of
the consequences of this localization were spelled out in the papers [8, 9] of Atiyah
and Bott. We mention here two applications. Both involve the action on the elliptic
complex

· · · → �0,p(E)
∂̄→ �0,p+1(E)

∂̄→ ·· ·
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for a holomorphic vector bundle on which the group G acts. In this case the concrete
Lefschetz formula says that the alternating sum of the characters at g of the action
on H 0,p(M,E) is, if g has isolated fixed points,

∑

g(x)=x

trϕx

det(1 − dgx)
(4.1)

where ϕx : Ex → Ex is the action on E at the fixed point and dgx the action on the
holomorphic tangent space at x.

For the first example we take a compact simply-connected simple Lie group G

and its maximal torus T . The flag manifold G/T can be given the structure of a
homogeneous Kähler manifold, and a homomorphism T → S1 given by the weight
λ defines a circle bundle whose associated homogeneous line bundle L over G/T

is holomorphic. With appropriate choices the cohomology spaces H 0,p(G/T ,L)

vanish for p > 0 and for p = 0 one gets an irreducible representation of G. This
is the content of the Borel–Weil theorem—a direct realization of a representation
given the maximal weight which is the initial character.

Because of the vanishing of the higher cohomology, the equivariant index for the
∂̄ + ∂̄∗ operator is precisely the representation on H 0,0(G/T ,L). The index theorem
gives a formula for its character.

To do this choose g ∈ T such that the closure of the group it generates is T itself.
If ghT = hT , then h−1gh ∈ T and so taking powers and closure, h−1T h = T . The
fixed points are therefore in one-to-one correspondence with N(T )/T where N(T )

is the normalizer of T , and this quotient is the Weyl group W , a finite group. The
index theorem thus gives an expression for the character in terms of a sum over the
Weyl group.

The tangent space at a point can be identified with g/t which is a sum of
2-dimensional root spaces defined by the positive roots α1, . . . , αk , so the denomi-
nator in the formula (4.1) at w ∈ W is a product

k∏

1

w(1 − eαi ).

The numerator is the action on the line bundle L which is w(eλ) where λ is the
maximal weight. Since G is simply connected, half the sum of the positive roots ρ

is a weight and w(eρ) = ±eρ = sgn(w)eρ , so we get the more familiar form for the
Weyl character formula:

1

eρ
∏k

1(1 − eαi )

∑

w∈W

sgn(w)w(eλ+ρ).

A wide range of other examples can be obtained by considering the action of finite
groups on algebraic surfaces. The index theorem then operates as a machine for
producing identities in number theory. The article [25] gives a good survey of this.
Here we take the signature operator and the holomorphic action of g ∈ G, a finite
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group, on an algebraic surface M . The fixed points are either isolated points x ∈ M

or algebraic curves Y . In the first case g acts on the tangent space as (eiα ⊕ eiβ)

and in the second on the normal bundle by eiθ . The fixed point contribution to the
equivariant index is then

− cot
α

2
cot

β

2
or Y · Y cosec2 θ

2

where Y · Y is the self-intersection number of the curve Y (the degree of the normal
bundle).

This is the fixed point contribution which the index theorem for the signature
operator relates to the action of G on H 2(M,R). A simple example is the case
where M ⊂ CP 3 is the algebraic surface with equation in homogeneous coordinates

zn
0 + zn

1 + zn
2 + zn

3 = 0

and g is the action of the nth root of unity ω:

g(z0, z1, . . . , z3) = (ω−1z0, z1, . . . , z3).

The fixed point set of gk for k = 0 is the plane section Y with equation z0 = 0,
which has self-intersection n. The equivariant index theorem then gives

χ(gk) = n cosec2 πk

n
.

Now averaging the character over the group gives the degree of the trivial repre-
sentation, which is

1

n

(
n−1∑

k=1

χ(gk) + τ(M)

)
.

On the other hand, the invariant part of H 2(M,R) can be interpreted as the coho-
mology of the quotient M/G and the index is the signature of the invariant quadratic
form on this. In our case, the quotient is CP 2 which has signature 1. So we get

1 = 1

n

(
n−1∑

k=1

χ(gk) + τ(M)

)
=

n−1∑

k=1

cosec2 πk

n
+ 1

n
τ(M).

This offers two interpretations—the topologist would calculate the Chern classes of
the surface M as c1 = (4−n)h, c2 = (6−4n+n2)h2 and use the signature theorem
to give τ(M) = (c2

1 − 2c2)/3 = n(4 − n2)/3. Then the equivariant index theorem
gives the number theoretic identity:

n−1∑

k=1

cosec2 πk

n
= n2 − 1

3
.
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The number theorist would give an elementary proof of this and derive the signature
of M .

This is a simple example, but when isolated points occur as fixed points, the
contributions there have appeared in the classical literature as Dedekind symbols
and results of Rademacher and Mordell can be obtained this way as well as many
more identities.

4.3. Rigidity Theorems. The equivariant index theorem together with its fixed-
point formulation enables a character to be evaluated in two different ways. As
above, this provides a route to identities which can also be proved by other means
with the appropriate skills. The same idea, however, also leads to some remarkable
results about the degree of symmetry, or rather lack of it, of certain manifolds. For
example, Atiyah and Hirzebruch showed in [10] that a manifold M4k with w2 = 0
and Â[M] = 0 admits no non-trivial circle action. Recall from Sect. 3.3 that the
same hypotheses prohibit the existence of a metric of positive scalar curvature, so
this result is identifying a range of manifolds at the opposite extreme from those
with positive curvature and homogeneous, like spheres. The method has since been
radically extended through ideas of Witten [16].

An S1-invariant elliptic operator D is called rigid if the equivariant index is triv-
ial as a representation, in other words if the non-trivial representations occur with
the same multiplicity in the kernel and cokernel of D. For the d +d∗ operator or the
signature operator this is clear since a diffeomorphism in the circle action is con-
nected to the identity and so acts trivially on cohomology by homotopy invariance.
The Hodge theorem then implies it acts trivially on the kernel of d + d∗. It also
becomes transparent when using the equivariant index formula for isolated fixed
points. For

d + d∗ : �even → �odd

the fixed point contribution is just +1 (this is the original Lefschetz fixed point
formula). For the signature operator on M4k the contribution is

2k∏

1

1 + eimj θ

1 − eimj θ

where the tangent space breaks up into 2-dimensional pieces on which the circle
acts as eimj θ .

The equivariant index theorem says that the character for a generic g in the circle
is the sum over fixed points

∑

g(x)=x

2k∏

1

1 + eimj θ

1 − eimj θ
.
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But the character is a finite sum of terms of the form eimθ so we get an identity of
meromorphic functions

N∑

i=−N

aiz
i =

∑

g(x)=x

2k∏

1

1 + zmj

1 − zmj
.

But the left hand side is a finite Laurent series and so has poles only at z = 0 whereas
the right hand side has poles on the unit circle. Both sides must therefore equal a
constant function.

When w2 = 0 we have a Dirac operator and here the contribution is

2k∏

1

zmj /2

1 − zmj

(the factor 1/2 involves a slightly subtle lifting of the circle action to the spin struc-
ture). In this case the right hand side vanishes when z = 0 which shows that the
equivariant index is not just constant but is zero, which is the theorem of Atiyah and
Hirzebruch in this case. The general proof involves the consideration of fixed point
sets of arbitrary dimension.

Witten’s extension of this (given mathematical proof in [16]) introduces Dirac
operators whose coefficient bundles are derived from the tangent bundle in a specific
manner. If SkT and �kT denote the symmetric and exterior powers of the tangent
bundle, one writes

St =
∞∑

0

tkSkT �t =
∞∑

0

tk�kT

and

Rq =
∞∑

0

qnRn =
∞⊗

n=1

�qn

∞⊗

m=1

Sqm

and

R′
q =

∞∑

0

qn/2R′
n =

∞⊗

n=1

�q(2n+1)/2

∞⊗

m=1

Sqm

The theorem is then that the Dirac operator with coefficient bundle R′
n and the sig-

nature operator with bundle Rn are rigid.
While the mathematical proof of this is a consequence of the equivariant index

theorem, understanding the reasons for this rigidity is more demanding than find-
ing alternative proofs for number-theoretical identities. In Witten’s derivation using
the loop space of M , the modular property of the polynomial Q(x) which gener-
ates these particular genera plays a fundamental role which has not yet been fully
absorbed into the mathematics.
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5 The mod 2 Index

5.1. Real K-Theory. There was one development of index theory which, in
Atiyah’s words, “could easily have been missed out at the first step . . . and trodden
underfoot in the stampede later on” [2]. This involves a mod 2 invariant which is not
definable in terms of cohomology classes. In fact there are manifolds homotopically
equivalent to spheres for which it is non-zero.

It is K-theory which reveals its presence. We mentioned in Sect. 4.1 that Bott pe-
riodicity lay behind the isomorphism Kc(Cn) ∼= Z. The point is that a vector bundle
which is trivial outside a compact set in Cn is the same as a bundle on the sphere
S2n with a trivialization on a ball, and this itself can be described by a map from
the equatorial S2n−1 to GL(m,C) relating the two trivializations. Since the defini-
tion of the K-group involves isomorphism classes of bundles and adding on trivial
bundles, Kc(Cn) is isomorphic to homotopy classes of maps S2n−1 → U(m) for
m large. This is the homotopy group π2n−1(U(m)) which Bott showed was infinite
cyclic (and π2n(U(m)) = 0).

If we consider instead real vector bundles on a space X then one defines K-groups
KO(X) and then KOc(Rn) is defined by the homotopy group πn−1(O(m)). In this
case Bott had showed that πn−1(O(m)) is eightfold periodic in n and πi(O(m)) for
i = 0,1,2, . . . ,7 mod 8 is

Z2 Z2 0 Z 0 0 0 Z.

The K-theory definition of the symbol class above then shows that a real elliptic
operator D in dimensions 4k has an integer invariant (which up to a multiple is just
the ordinary index) but in dimensions 8k + 1 and 8k + 2 there is an invariant in Z2,
and the challenge is to interpret this analytically.

The answer lies with skew-adjoint real Fredholm operators. By skew-adjointness
the kernel and cokernel have the same dimension so the ordinary index vanishes, but
the dimension of the kernel modulo 2 is a deformation invariant. For elliptic differ-
ential operators we can see simple examples of this even on the circle (dimension 1
mod 8!). There are two real line bundles over the circle—the trivial bundle and the
Möbius band. The operator

D = d

dθ

with periodic boundary conditions is a skew-adjoint operator on the trivial bundle
and has a 1-dimensional kernel, the constants. With anti-periodic conditions the
line bundle is the Möbius band and the operator has kernel zero. Slightly more
interesting is a skew adjoint third order operator on the trivial bundle over S1:

D = d3

dθ3
+ 2u

d

dθ
+ u′.

This has a one or three-dimensional space of solutions but never a two-dimensional
one.
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The mod 2 index theorem in Part V of the papers of Atiyah and Singer derives the
dimension modulo 2 of the kernel of a real skew-adjoint elliptic operator in terms of
its symbol class.

In 8k + 1-dimensions the spin representation is real and the Dirac operator skew-
adjoint so this gives a Z2-invariant for spin manifolds in this dimension. In 8k + 2
dimensions the Dirac operator can be considered as a skew-adjoint complex anti-
linear operator and the mod 2 invariant is the complex dimension mod 2 of the
kernel.

5.2. Theta Characteristics. Applications of the mod 2 theorem are not so numer-
ous as the other versions but in [11] Atiyah revisits some classical results on Rie-
mann surfaces with this new tool. On a Riemann surface M a spin-structure is de-
fined by a holomorphic square root K1/2 of the canonical bundle and the Dirac
operator is

∂̄ : C∞(K1/2) → C∞(K1/2K̄).

A metric identifies K̄ with K∗ and so

K1/2K̄ ∼= K−1/2 ∼= K̄1/2.

This is the identification of the two spinor bundles which makes the Dirac operator
antilinear.

The null space of ∂̄ is the space of holomorphic sections of K1/2 and the
Z2-invariant is the dimension modulo 2 of this space.

Any two square roots differ by a holomorphic line bundle L such that L2 is
holomorphically trivial so there are 22g such choices where g is the genus of M .
These are the different spin structures referred to in Sect. 2.6. The invariant is zero
for 2g−1(2g + 1) of these and 1 for the other 2g−1(2g − 1). Thus for an elliptic
curve where K is trivial there is 21−1(21 − 1) = 1 square root, the trivial one, which
has an odd (namely one) number of sections. For a quartic plane curve there are
23−1(23 − 1) = 28 square roots with an odd (one again) number of sections and
these are the celebrated 28 bitangents. Classically these square roots are known as
theta characteristics and they have odd or even type, but the 19th century arguments
involved the zeros of the Riemann theta function whereas the derivation in [11] uses
elementary properties of the group KO(M). One amusing result is that a real quartic
with no real points has exactly four real bitangents.

The earlier example of d/dθ on the circle is precisely the Dirac operator and the
two real line bundles two spin structures where the dimension mod 2 of the kernel
distinguishes them.

5.3. Positive Scalar Curvature. The Lichnerowicz vanishing theorem in Sect. 3.3
tells us that if a spin manifold of whatever dimension admits a metric of positive
scalar curvature then the kernel of the Dirac operator is zero. In dimensions 8k +
1,8k + 2 this means the mod 2 index vanishes. Surprisingly there are exotic spheres
(manifolds homotopically equivalent to a sphere) in these dimensions for which the
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invariant is known to be non-zero. We deduce that these spheres cannot have metrics
of positive scalar curvature.

Perhaps the best way to describe the invariant is to say that it is a spin cobordism
invariant. Thom’s cobordism theory can be modified to put extra structure on the
manifolds in question. It was oriented cobordism that gave the Pontryagin numbers
that Hirzebruch used for his proof of the signature theorem. These exotic spheres
have the property that, while they are themselves spin manifolds, and while they
bound an oriented manifold, they do not bound a spin manifold.

The spin-cobordism interpretation of obstructions to positive scalar curvature led
Gromov and Lawson [23] to ask whether these were the only obstructions. They
showed that any manifold which can be obtained from one of positive scalar cur-
vature by performing surgery in codimension greater than 2 also carries a metric of
positive scalar curvature. Surgery is a process which operates within a cobordism
class and as a consequence they deduced that any compact simply connected spin
manifold of dimension ≥ 5 which is spin-cobordant to a manifold of positive scalar
curvature also carries a metric of positive scalar curvature. Somewhat later, by using
techniques from stable homotopy theory to analyze spin cobordism in more detail,
Stolz [29] succeeded in proving that these invariants—the Â genus in dimension 4k

and the mod 2 index in dimensions 8k + 1,8k + 2 are the only obstructions for a
simply-connected manifold to have positive scalar curvature.

6 The Index for Families

6.1. Fredholm Operators. The ordinary integer index is a deformation invariant of
a Fredholm operator. This was the starting point for the index theorem. But the space
F of all Fredholm operators on a fixed Hilbert space contains more topological
information than that. A family of Fredholm operators parametrized by a space X

is a continuous map f : X → F and we can consider the set of homotopy classes
[X, F ] of such maps. A theorem of Atiyah (and independently K. Jänich) says that

[X, F ] ∼= K(X).

When X is a point [pt., F ] ∼= K(pt.) ∼= Z is the set of components so we learn
that the components of F are determined by the index. If A,B are two Fredholm
operators then

dim kerAB ≤ dim kerA + dim kerB

so AB has finite dimensional kernel and using adjoints the same is true of cokernels.
This product induces the product on [X, F ].

If X is connected and the kernel of f (x) = Ax has constant rank m, then since the
index is constant the cokernel has constant rank (m − indAx ) and, as x varies over
X, we have two vector bundles over X, whose difference kerA − cokerA clearly
defines a class in K(X). This is the basis of the isomorphism above but the key issue
is that the map extends even to the case where the dimension jumps.
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Suppose now that Z
π→ X is a smooth fibre bundle whose fibre is diffeomorphic

to a compact manifold Mn, and suppose we have vector bundles V+,V− over Z and
for each x ∈ X a smoothly varying elliptic operator

D : C∞(Zx,V+|Zx ) → C∞(Zx,V−|Zx ).

Then we can convert this into a family of Fredholm operators and get an element

indD ∈ K(X).

The index theorem for families, proved in Part IV of the Atiyah–Singer papers,
expresses this analytical class in terms of a topological class defined by the family
of symbols.

If Z
π→ X is a holomorphic fibration and E is a holomorphic vector bundle on

Z, then the ∂̄ elliptic complex along the fibres is an example. The Grothendieck–
Riemann–Roch theorem for this is then an example of the index theorem. The sheaf
O(E) of holomorphic sections of E on Z defines coherent sheaves over X whose
sections over an open set U ⊂ X are Hp(π−1(U), O(E)). The alternating sum of
these defines an element π!O(E) in the Grothendieck group of coherent sheaves on
X which maps under the Chern character to the cohomology of X. Then

ch
(
π!O(E)

)
td(T X) = π∗

(
ch(E) td(T Z)

)

where π∗ is the map defined by integration over the fibres π∗ : Hp(M,R) →
Hp−n(M,R).

The cohomological version of the index theorem for families has a similar form.
If D is a family of elliptic operators, it has a symbol class [σ ] ∈ Kc(T Z) and an
analytical index indD ∈ K(X). Then

ch(indD) = (−1)nπ∗
(
chσ td(T Z ⊗ C)

)

where π∗ : H ∗
c (T Z) → H ∗(X) is integration over the fibres. This is an important

formula for calculations but the problem is still best framed in K-theoretical terms.
In particular the mod 2 index has a family version.

6.2. Jumping of Dimension. We have noted already that in a continuous family
of Fredholm operators while the integer index remains constant the dimension of
the kernel may jump. The index theorem for families can sometimes detect this.
The integer function dim kerA is upper semi-continuous and so the jumps are up-
wards in dimension. Suppose that we have a family where the index is zero. Then
if dim kerA is always zero in a family, so is dim cokerA and the K-theory index in
K(X) vanishes. Hence if we know the index is non-zero there must be non-trivial
jumps somewhere in the family.

One classical example is to take the Dirac operator on a Riemann surface M

∂̄ : C∞(K1/2 ⊗ L) → C∞(K1/2 ⊗ LK̄)



The Atiyah–Singer Index Theorem 145

with coefficient bundle a line bundle with flat unitary connection. The index is zero
here since the Riemann–Roch formula gives g −1+1−g = 0. The flat line bundles
are parametrized by the torus X = H 1(M,R/Z) and if we choose a universal line
bundle L over Z = M × X, we have a setting to apply the index theorem and find
a class in K(X), or from the Chern character in H ∗(X). This is a holomorphic
situation so it is actually the Grothendieck–Riemann–Roch theorem we use.

The universal bundle L has Chern class

c(L) =
g∑

1

(xiy
′
i − yix

′
i ) ∈ H 1(M,Z) ⊗ H 1(X,Z) ⊂ H 2(M × X,Z)

where x1, . . . , xg, y1, . . . , yg is a symplectic basis of H 1(M,Z) and we use the
isomorphism H 1(X,Z) ∼= H 1(M,Z) to define a corresponding basis x′

1, . . . , x
′
g,

y′
1, . . . , y

′
g . The G–R–R formula is then

ch
(
π!O(L ⊗ K1/2)

)
td(T X) = π∗

(
ch(L ⊗ K1/2) td(T X) td(M)

)

or, since T X is trivial,

ch
(
π!O(L)

) = π∗
((

1 + c(L) − 1

2
c1(T M) + 1

2
c(L)2

)(
1 + 1

2
c1(T M)

))

= π∗
(

1 + c(L) + 1

2
c(L)2

)

since Hp(M) vanishes for p ≥ 2. Now c(L) has no component in H 2(M)⊗H 0(X)

so integrating over M kills this. We have

c(L)2 =
(

g∑

1

(xiy
′
i − yix

′
i )

)2

= −2ωθ

where ω = x1y1 = x2y2 = · · · = xnyn is the generator of H 2(M,Z) and θ =∑g

1 x′
iy

′
i . It follows that

ch
(
π!O(L)

) = −θ.

This is non-zero and so the dimension of the kernel jumps. It does so of course on
the theta divisor in the torus X, which is Poincaré dual to the cohomology class θ .

This is a classical example but note that θ is non-zero even when X has genus
one i.e. is a torus itself. So even when base and fibre of Z have no non-trivial charac-
teristic classes there is still a non-trivial index. In higher dimensions one can do the
same with M an even-dimensional torus T 2m = R2m/Z2m. The one-form

∑
yidxi

describes a family of flat connections on the trivial bundle over T 2m parametrized by
(y1, . . . , y2m) ∈ R2m/2πZ2m = X. The curvature of this line bundle L over T 2m×X

is

F = d
∑

yidxi =
∑

dyi ∧ dxi.
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The Chern character now contributes a non-trivial term to the index by integrating
F 2m over the fibre to give a non-zero class in H 2m(X). This means in particular
that there is a non-trivial jump in the dimension of the kernel of the Dirac opera-
tor. In particular the torus cannot have a metric of positive scalar curvature since in
Lichnerowicz’s formula there is no contribution from the zero curvature of the line
bundle. This result, due to Gromov and Lawson, has spurred a great deal of work
understanding which fundamental groups are compatible with positive scalar cur-
vature. They all involve indices of a more sophisticated nature, taking values in the
K-theory of the C∗ algebra associated to a discrete group.

7 The Local Index Theorem

7.1. The Heat Kernel. The foundational papers of Atiyah and Singer on the index
theorem expressed the analytic index as a topological invariant. It could be repre-
sented in different ways depending on which version of cohomology one used and
how one represented characteristic classes. However, the main operators of interest
such as the Dirac operator were expressed in terms of a Riemannian metric. In this
setting there was also a natural way to represent the characteristic classes—by using
the curvature of the Levi-Civita connection. In the early 1970s new proofs emerged
which capitalized on this fact and provided the tools for the study of another range
of index problems. The original idea came from work of McKean and Singer.

Suppose D is a first order elliptic operator such as the Dirac operator, then one
considers the self-adjoint operators DD∗ and D∗D. They have, on a compact man-
ifold, a discrete spectrum 0 ≤ λ0 ≤ λ1 . . . each value taken only a finite number of
times. If φi are the eigenvectors, then the heat kernel

H(x,y, t) =
∞∑

j=0

e−λj tφj (x)φj (y)

is for t > 0 a well-behaved smooth function, formally written as e−tD∗D or e−tDD∗
.

In particular it has a trace

tr e−tD∗D =
∞∑

0

e−λj t tr e−tDD∗ =
∞∑

0

e−μj t .

Now if D∗Dφ = λφ, then DD∗Dφ = λDφ so that if Dφ is non-zero, then it is an
eigenvector for DD∗. It follows that the non-zero eigenvalues of DD∗ and D∗D are
the same so that

tr e−tD∗D − tr e−tDD∗ = dim kerD∗D − dim kerDD∗ = indD.

In particular, this expression is independent of t and so one can consider the behav-
iour of each term on the left hand side as t approaches 0.
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In this case, along the diagonal one has an asymptotic expansion

H(x,x, t) ∼
∞∑

j=0

aj t
−n/2+j

where the coefficients aj are determined locally. In other words each one is an alge-
braic expression in a finite number of derivatives of the coefficients of the operator
D—in the case of the Dirac operator, the Riemannian metric by which it is defined.
Then

indD =
∫

M

[ ∞∑

j=0

aj (D
∗D)t−n/2+j −

∞∑

j=0

aj (DD∗)t−n/2+j

]

=
∫

M

(
an/2(D

∗D) − an/2(DD∗)
)
.

(Note that this already implies that the index is zero in odd dimensions.)
The first term in the asymptotic expansion involves simply the volume, but the

relevant terms for the index theorem are much further along and in principle could
involve many derivatives of the metric. Evidence that a proof of the index theorem
could be produced like this came from the ingenious cancellations that the young
Indian mathematician Vijay Patodi used to prove the Gauss–Bonnet theorem with
the same approach. Then appeared the work of Gilkey which led to a completely new
proof of the index theorem. This involved: characterizing certain essential features
of the polynomials, using invariant theory of the orthogonal group; showing that
this yielded the Pontryagin forms defined from the Levi-Civita connection; finally,
much as in Hirzebruch’s signature theorem, evaluating on standard examples to get
the correct coefficients.

Proving the index theorem this way is enough to get the general integer index the-
orem because the symbols of the Dirac operator with all possible coefficient bundles
generate all the homotopy classes. It raised other questions of a different nature how-
ever, in the complex case for example. The use of Riemannian methods meant that
Kähler manifolds could be treated this way, but how did one get a local Riemann–
Roch theorem for a general complex manifold where the Riemannian connection
is not compatible with the complex structure? Bismut [15] discovered that to get a
local index theorem one has to use a Riemannian connection whose torsion tensor
is defined by a closed 3-form H , thought of as a 1-form with values in skew-adjoint
endomorphisms of the tangent bundle. In other words one uses connections of the
form

∇ + H

where ∇ is the usual Levi-Civita connection, which has zero torsion. The curious
feature here is that the local index formula for the Dirac operator defined by the con-
nection ∇ +H/3 involves the Pontryagin forms of the connection ∇ −H . Moreover
in the Hermitian case if the connection ∇ + H preserves the complex structure, the
∂̄ + ∂̄∗ operator is defined using ∇ + H/3. In the context of Lie groups this was
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called by Kostant the cubic Dirac operator and has some special features, notably
that the zero-order term in the Lichnerowicz formula is still a scalar function.

7.2. The Eta Invariant. One of the areas which Atiyah, Singer and Patodi de-
veloped using heat equation methods was the geometrical study of some bound-
ary value problems. The signature theorem was one motivation for this. We saw
in Sect. 2.4 how the middle dimensional cohomology of a compact oriented
4k-dimensional manifold has a non-degenerate symmetric bilinear form, which
allows the definition of the signature. For a 4k-dimensional manifold M with
boundary ∂M , one can also define the signature, using compactly supported closed
forms. The additivity theorem of Novikov asserts that when two compact oriented
4k-manifolds are glued by an orientation reversing diffeomorphism of their bound-
aries, the signature of their union is the sum of their signatures.

On a compact manifold, the signature is given by the integral of a differential
form given as a polynomial in Pontryagin forms by Hirzebruch’s formula. If we do
this for the manifold with boundary M , this will not necessarily be so. However, if
the metric near the boundary is a product we can smoothly glue together two such
manifolds to get a Riemannian manifold, and it follows from Novikov additivity
that the difference between the signature of M and the integral is an invariant only
of the Riemannian metric on the 4k − 1-dimensional boundary ∂M . Identifying this
invariant led to another type of index theorem. As usual, it is easiest to describe for
the basic Dirac operator D.

In dimension 4k − 1 the Dirac operator is real and self-adjoint so it has real
eigenvalues λi , both positive and negative since D is a first-order operator. One then
defines

η(s) =
∑

λj =0

(sgnλj )|λj |−s .

This is holomorphic when the real part of s is large but has a meromorphic extension
to the whole complex plane and is finite at s = 0. Formally speaking then, η(0) is
the difference between the (infinite) number of positive and negative eigenvalues of
D—the “signature” of the quadratic form (Dϕ,ϕ).

This eta invariant appears as a correction term in the formula for the index of a
Fredholm operator for the manifold with boundary M . Atiyah, Patodi and Singer
consider the Dirac operator on M

D : C∞(S+) → C∞(S−)

and solutions to Dϕ = 0 with the boundary condition that the projection of ϕ onto
the space spanned by the positive eigenvectors of the Dirac operator on the boundary
is zero. It turns out that this is Fredholm and there is an index theorem of the form

indD =
∫

M

Â(T M) − 1

2

(
η(0) + h

)

where h is the dimension of the kernel of the Dirac operator on the boundary.
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Another way of interpreting this result is to note that if the projection onto the
positive part and zero eigenspace vanishes, then on the boundary ϕ has an expansion

ϕ =
∑

λj <0

cjφj

and then
∑

λj <0

eλj t cjφj

decays exponentially and is an L2 solution to the Dirac equation Dϕ = 0 on the
cylinder ∂M × [0,∞). Thus the null-space is the space of L2 solutions to Dϕ = 0
on the non-compact manifold obtained by glueing the cylinder to M at its bound-
ary. Replacing the Dirac operator by the signature operator and linking compactly
supported cohomology with L2-cohomology gives the signature formula:

τ(M) =
∫

M

L(T M) + (−1)k+1η(0).

7.3. Quantum Field Theory. It turned out that, unknown to Atiyah, Singer and
Patodi, the development of the local index theorem by mathematicians coincided
with an interest in the theorem from theoretical physicists. As Singer has remarked,
some of this was taking place in offices around the corner from his own in MIT. The
context in 1970 was the chiral anomaly of Roman Jackiw. An anomalous symmetry
in quantum field theory is a symmetry of the action, but not of the measure. In the
standard model of electroweak interactions the classical current conservation law
∂μJB

μ = 0 is replaced by

∂μJB
μ = g2C

32π2
εμναβFμνFαβ.

The right hand side here is essentially the second Chern form for the connection
defined by the gauge theory. Moreover an important physical fact is that this term is
a total derivative involving ∂μKμ where

Kμ = 2εμναβ

(
Aν∂αAβ + 2

3
igAνAαAβ

)
.

Mathematically this term only makes sense having chosen a trivialization of the
bundle—a choice of gauge—so that the connection is ∂μ + gAμ but this so-called
Chern–Simons expression appears naturally in the Atiyah–Singer–Patodi formula.
On a 3-manifold where the bundle is globally trivial the integral of this expression
is well-defined modulo the integers and the eta-invariant is a real lift of it.

In terms of methodology, the physicists were happy with heat kernels but at that
stage knew little about the topology. The ingredients for studying anomalies were
the same as for the index theorem and it turned out that certain anomalies were
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precisely indices. It was Singer’s interest in this parallel evolution that led him to
talk more to the physicists and subsequently to introduce the problem of Yang–Mills
instantons to Atiyah and coworkers when he visited Oxford in 1977.

Another interface with physics came from supersymmetric field theories consist-
ing of a physical system described by a Hamiltonian H and two supercharges Q and
Q† which map fermions to bosons and vice versa. They satisfy the anti-commutation
relation {Q,Q†} = H so that both supercharges commute with H and satisfy
Q2 = (Q†)2 = 0. Clearly there is an example given by Q = d : �even → �odd ,
Q† = d∗ and H = dd∗ + d∗d , the Hodge Laplacian. More generally any elliptic
complex fits this scheme, and the index theorem becomes the problem of evaluating
the so-called Witten index.

This new viewpoint led to supersymmetric proofs of the index theorem by physi-
cists [1, 18] which were given a rigorous mathematical form by Getzler [14, 21].

7.4. The Supersymmetric Proof. The physics motivation for Getzler’s proof is the
background expansion used in the supersymmetric path integral to obtain the small
fluctuation Lagrangian. One uses the Dirac operator with coefficient bundle, normal
coordinates at a point and an expansion xi +√

tyi . Then Getzler introduces a clever
rescaling including that of the Clifford algebra, so that if the degree of t is 2, of xi

is one, then the degree of ei , a generator of the Clifford algebra is −1. The effect is
that as t → 0 the Clifford algebra approaches the Grassmann algebra and the Dirac
Laplacian approaches

(
∂i − 1

4
Rijx

∧
j

)2

+ F∧

where Rij is the Riemann curvature tensor considered as a matrix of 2-forms. The
fact that the Lichnerowicz formula involves just the scalar curvature and doesn’t
contribute other terms in the Clifford algebra is a key point here, and explains the
presence of the cubic Dirac operator in Bismut’s modification [15].

The heat kernel is then approximated by the heat kernel for the harmonic oscil-
lator

−� + θij xixj

but using exterior multiplication instead of scalar multiplication of functions. The
heat kernel for the m-dimensional harmonic oscillator is

(4πt)−m/2 det

[
2t

√
θ

sinh 2t
√

θ

]

× exp− 1

4t

[(
2t

√
θ

tanh 2t
√

θ

)

ij

(xixj + yiyj ) − 2

(
2t

√
θ

sinh 2t
√

θ

)

ij

xiyj

]
.

Replacing θij by the matrix of forms Rij leads to the index formula. The rescaling
has the effect that the index term an/2 in the asymptotic expansion becomes the
leading coefficient.
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The obvious feature of this formula is the natural presence of the expression
√

x/2

sinh(
√

x/2)

—the polynomial defining the Â-genus which prompted Atiyah’s original question
to Singer in 1962. The physics thus provides some form of explanation of the role
of these very special polynomials.
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